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My dear Sir, 

In dedicating the present work to you, it is not 
my intention to offer any eulogium on your talents, for these 
have long since raised you among mathematicians to an eleva- 
tion far above the reach of my humble praises. To the excel- 
lent qualities of your heart, however, which have so justly 
rendered you an object of esteem and attachment to all your 
friends, I may be permitted to bear record; and, at the same 
time, to assure you how truly I feel, and how highly I 
appreciate, the sincere and uniform regard you have 
always manifested towards me, and which I rejoice to find 
has not at all been weakened by the distance which now 
separates us. 

But, apart from the influence of such considerations as 
these, I feel it to be befitting that these pages should be 
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IV. 

submitted to you: for, to whom could I so appropriately 
inscribe them as to the Author of the work which they attempt 
to illustrate — to him from whom I first imbibed the love of 
those pursuits which have proved to me the source of some 
of the purest enjoyments I have ever experienced? 

With unfeigned gratitude and respect, believe me, 

My dear Sir, 

Ever faithfully your*s, 

W. H. SPILLER. 

December, 1835. 



PREFACE. 



As this Key is chiefly intended for the assistance of beginners, 
I have paid the utmost attention to every particular which 
might in any way facilitate their progress; and, in order to 
reduce everything to the comprehension of the pupils, I have 
simplified tlie solutions as much as possible, and worked out 
the problems in full, without omitting any steps which might 
at all assist them ; indeed, I have even ventured, when any 
very useful transformations have presented themselves, to 
insert one or two steps more than are actually necessary, in 
consequence of the great advantage the student will derive 
from it (this will be particularly observed in Ex. 22, Quad. 
Eq. page*72); so that I may say I have not always been 
desirous of giving the shortest solutions, but those which 
occurred to me as being the most intelligible to a beginner; 
and it may be remarked here, that after the student has gone 
over a certain number of the equations, and thoroughly un- 
derstands theniy he would derive great benefit from exercising 
himself in solving some of the questions anew, paying some- 
what more attention to brevity. Experience and practice, 
however, will soon point out the best and easiest methods.* 



* The beginner who has not the advantage of a master, woald do well 
to read I^acroix's Elements of Algebra (lately translated) in conjunction 
with this work, as it abounds in copious illustrations explained in the 
most familiar manner. 



VI. PREFACE. 



That the pupil may keep in view the reason of every step 
he advances, I have given every assistance, by means of notes 
and marginal references ; these latter occur chiefly in equa- 

tionSy where in any such expression as this (x ^ >/j?*), 
within a parenthesis (see page 72 among the marginal refer- 
ences on the left hand), the student will observe that it is 
merely explanatory of the step opposite to which it stands; for 
instance, in the case just alluded to, in the second step we 

have the equation -^==== = 2x, which, by taking n/x* 
from each term of the denominator, and putting it as a fiu;tor, 
may be written ^j=^=~ =- 2ar; and, as the marginal re- 
ference (x = s/x^) indicates, x is equal to x' under the radical 
sign >/; hence, by substituting x for >/a:', the expression 

becomes — 7FF=== = 2x. The learner, however, when he 

shall have arrived at that part of the subject, will have no 
difficulty in understanding these matters. Sometimes these 
marginal references, for want of room on the left-hand side 
of the step they illustrate, are put on the right. 

It will be observed that, in the various solutions, I have 
uniformly adopted the methods given in the Algebra. 

In passing through the present edition (1834) of Mr. 
Young's Algebra, I have met with several errors of the press, 
a list of which will be inserted in that work. 

W. H. S. 
Dec, 1835. 



KEY 

TO 

YOUNG'S ALGEBRA. 



ADDITION. 

Case I. — ^Plige 5. 

When the guantitiei are Uke^ hut have unlike »ignt. 
Ex. 6. Ans. 16o* + 9&Ar. 
Ex. 7. Ad8. le^y — 4(a + 6). 

Ex. 8. Ans. 11a (a + 6)-^ 16 V^a — dr. 

Ex. 9.« An^. 18a ^y +3«yi -f 1. 

Ex. 10. Ans. ~ 85 (« + y)i -f 18 (jyf )^. 
Ex. 11. Ans. . 

Ex. 12. Ans. 6 (a# -f 6y + «s)^ — 4 (a >- 6). 

Case II. — Page 8. 

When both quantities and $ign$ are unlike, or tome like and others 
unlUce. 

Ex. 3. Ang, 3| v^* + ■'i «« — ^^6 — » + 10 ly — 19. 

Ex. 4. Ans. 2a& — jy^y + ^ ^ + 4dpy* + 50. 

Ex. 5. Ans. 8 (ap* + y')* + 3 (x« — y«)*— 9d5y. 

Ex.6. Ans. rViiPy — 4aiv/dP + 20««— 9 V^ + 3y« — 24. 

* In adding up the second column of this Example; th« student must not 
forget that >/y and y* are the same. See Note* page 7, of the Algebra. 

B 



2 SUBTRACTION. 

When the coefficients are literal instead of numeral, &c. 

Ex. 3. Ans. (6 4- rf + H) a?' + (ad -^ ce — »» — «)». 
Ex. 4. Ans. aj? + ((?+ 1) v^a? + (am + * + Oy 4" (<^ — 1)^« 
Ex.5. Ans. (5 a — d — «+l) VaJ»— y»4- (6-hc+/+ l)(«^-hy')*. 
Ex.6. Ans. (2a+26 + 3<?- 2rf-fe — 2w) >/x + (12a -|- 4w + 2)y3. 



SUBTRACTION. 



Page 10. 



Ex. 3. Ans. a (a — y) + ^^by — 3a'. 

Ex. 4. Ans. — 2iP* -f 2 s/ x+y— \0c — 1. 
Ex. 5. Ans. 9aba — Sjcy -f 3x8 -f 19. 

Ex. 6. Ans. — 3 y/a'—y^ -\- y/a -{- a -{■ 4. 
Ex. 7. Ans. 3x (x + y)* + 14axy — 9a6c. 

Examples of quantities with literal coefficients. 
Ex. 2. Ans. (p — in) jy 4- (p 4- 1 ) (y'*) + (« — r) x* -|- # — a, 
Ex.3. Ans. (a — 1) (j? — y)*4- 2 fcry — a (a + x)*. 
Ex. 4. Ans. 26 (j? + y) — 2c (j? — y) -|- w + «. 
Ex. 5. Ans. (2a — 6) xy — (3;> — 2y) >/x+y + 3'T«. 



MULTIPLICATION. 

Case I. — Page 14. 
When both multiplicand and multiplier are iimple quantities. 

Ex. 3. Am. — 48 a** y. 
Ex. 4. Ads. l&rV- 
Ex. 5, Ans. 18a>6jrV- 
Ex. e. Am. — 104a*6»««y«. 
Ex. 7. Ad8. 3^t«. 
Ex. 8. Ans. ^a^t'. 

Case II.— Page 14. 

When the multiplicand it a compound quantity, and the multiplier a 
simple quantity,. 

Ex. 3. Am. %5ahay -f \5axy — lOxy. j 

! 

Ex. 4. Am. — a2a!y«^/6 + 8>/6* — 2a ^6. 
Ex. 5. Am. 36flUPV + dooiV + 3aa^. 
Ex. tt. Ang. 12a6jy + 9cjry^ — 3a6cay*. 
|:x. T. Am. — 21ar«y« + 28«y — 7 to*y . 
Ex. 8. Ane. — 40a^iV + 4a«V -~ 2a*ay«. 
Ex. 9. Am. — 2aV ^/ s + 4a V -f 3aVy«. 



DIVISION. 

Case I. — Page 17. 
When both dividend and diviior are simple quantities. 

Ex.4. 9a3.p*^3a»», or — -y-ssSoV. 
Ex. 5. — —^ = — 13ajw. 

Ex.7. --T-T-= — 4c. 

70*2* 

Ex.8. — ^S«W^ =18ayyV. 



Case II.— Page 18. 

When the dividend is a compound quantity, and the divisor a simple 
quantity. 

24a V 4- 6a V — 3a V + 12aa? 

Ex. 3. ■ = — 8ax» -- 2aV + a^jc — 4. 

— 3a« 

Ex.4. • — — =:o + aj? + a2'-f «''-f-*<*. 

Ex.6. 2(x + y) =3(x+y)«-4(x + y)-f2«». 

ojj"— * -U 6ap*+* — cut**""* -4- rfx* 
Ex. 6. ^ -— r — i- =»«*«+ ii:' — ci3 4- <to»'— ". 



DIVItlOH. 

Case III.— P«ige 20. 
When both dividend and dmiior are compound qtiantUies. 
Ex.4, a + x) ii»4-«» («•— a»«+A'— <w»4.r< 



—«•#+«• 


— a*« — «V 


«V-f«» 


a V -f aV 


--a*^''^** 


— a««»-.iw* 


a«« + «* 


ax* + «* 


• • 



Ex.6, a — x) a*— «• (a* + a** + oV + at* -f- x* 

a* — a*x 



a*x— X* 



o*x — a V 



a'x* — a'x* 



a*dp* — ax* 



ax* — a * 



ox* — X* 



DIVISION. 

Case I. — Page 17. 
When both dividend and diviior are simple quantities. 

Ex.4. 9aV-T-3(W?», or -— -=:3o»a». 

3a«' 

26aA' 
Ex. 5. — —^ = — IBojfy. 

Ex.6. Ill£i!^ = 156«3^. 
88cV 



Case II. — Page 18. 

When the dividend is a compound quantity, and the divisor a simple 
quantity. 

24o V -f 6o V — 3a V + I2ax 
Ex. 3. — — = — Sax^ — 2aV + a^x — 4. 

ai" + 0*"+* 4"«**+'4-aac"+* + <fec. 
Ex. 4. _ ■ ■ — =o -4- «* + aa + «*' -f &c. 

Ex.5. g . . V =3(x-|.y)«-4(i4-y)+2a*. 

Ex. 6. ^ ;;;35 '-^ =* «*« + hx^ — ci» + rf*«'— . 



DlVItlOH. 

Case IIL^P^ 20. 
When both dhidend and dm»or art compound qiumiitks, 
Ex.4. a+*) «•+«• («•—«»«+ A*— «i»+*< 

a»+tf*4r 



— a*» + «» 


— o«Jr — oV 


aV + «» 


a V + a V 


— aV+*» 


_«V— or* 


«w«+«* 


a«* + «» 


• • 



Ex.5, a — x) a»— *• (o« + a»d? + oV + ai* + x< 



a*x 


— X* 








a«x 


-oV 


-x» 








aV- 






a»x>- 


-oV 


-or* 








a«;p3- 








a«^- 


-tfX* 








a^- 


■a* 








ox*- 


-«* 




• 


• 
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DIVISION. 



Ex.6. i« + l) i^-hfa« + t*+l (2x»-^ix + 2 

a?8 + a» 



— ^ »' — J a? 

*+ 1 

« 



Ex.7. \—x) 1 (l + ff + a^-H^-ha-^ + ia + Ac. 

1 — « 



or 












X- 


-x« 












x« 






*»- 


-x» 












*3 








x'- 


-** 










x< 










X*. 


-x* 








X* 












x»- 


-a« 



x« <fec. 



DIVISION. 



Ex.8. «»H.jrV+V + y*) **— y*(« — y 



O^y — jJy* x|f* — y* 

«V— **/— *y* — y* 



Ex.9. y» 4-x») y»+»-f-ya;*— y«x — «"•+» (y— « 

y*+' 4- y** 






Ex.10. 14-*) a — fcp + ei* — di'+Ac. (a^a 

a -i- ax — b 



— a 

— b 

— a 



a + ex* 

X — a\ *• 
— 6 






— drc. 



a 


*«— rf«3 


6 




c 




a 


*•+« 


b 


+ * 


c 


+ c 



— a 

— c 

— rf 



i'<fec. 
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ALGEBRAIC FRACTIONS. 

Page 22. 
To reduce a mixed quantity to an improper Jraction, 

Ex.4. 2ay + ^^"""^ + ^ = ^^^y' + ^^~^^ + ^ 

2ay 2ay 

_ , a' — ax 2ax — x* — a' 
Ex. 5. a — « = • 

X X 

Ex.6. a^-,-!2iiii*:^ = i2iii^L+L. 

Ex. 7. a -f- ^ : — = r ! — - = 



a — h a — b a — b 

1 



Ex.8. X* — a^y -f xV* — ^3/'4-y* — 

a* -f- **y — a;*y — ay "H *V* + ar^ — x*^ — ay^ + ay* + y* — 1 

__ 

« 

Jif + y 

To reduce an improper fraction to a whoky or mixed quantity. 

n. « 2ay — a ^ a 

Ex.2. — ^ = 2 

xy Ay 

X* — V* + 4 4 

Ex.3.. ^ ^ . =^ — y + 



j?4- y • x + y 

Ex.4. i<f!+i;>Il_' = ?fl±^Lzl=3««-3«»* + 

3o«6« — 3a6» + 36*- ^ 



a + 6 



4qxy» + 4j?— gy+2 _ 4x — gy + g 

Ex. 5. T = 2ay + • 

2xy ^ 2ay 



ALGEBRAIC FRACTIONS. I 1 



Ex.6. ^'-^ + ''-'^=.'+ • 



«y + jf* + *+y — 



To find the greatest common measure of the terms of a fraction, 

Ex.3. 2x" -f 3<ix + o*) 2fljr« — a% — -o* (o 

2a*« + 3a«r -f- a» 



— 4a«j — 2a» 

then, — 4a*d? — 2o'\ 

or, expunging— 2a*, j 2a* + 3ax + tt« (x + a 



2ax + a* 
2as + a* 



and, diyiding both numerator and denominator by this common mea* 

ax ■^^ 0* 
sure (2jr + o), we have the fraction in its lowest terms • 

X -f a 

Ex. 4. Bar — 8fl\ 
or, dividing by 2, ] 6ax* + <»• — 12<m? (2«* + 3* 
3ax — 4r: ^ 6flx* — 8a«* 



9ox* — 12oi 
9a»»— 12aJF 



2x* -f 3j 
by dividing both terms by Zax — 4a, we find for tfie lowest 

terms of the fraction. 



12 ALGEBRAIC FRACTIONS. 

Ex.5. A'»-|-y») ac<— y^ (x 



then, — ay^—y* 
or, expunging — y^, j a* -f 3/® («* — ay + y* 
J? 4- y / a' + x^y 



— J?V+y* 






and dividing both terms of the fraction by x + v, gives — r— ^— — r — :;^ 

jr' — ^J/ -r 1/ 

Ex.6. 2x3— 16j? — 6 

or, dividing by 2, ] 3j^ — 24x — 9 (3 
aJ_-8x — 3/ 3** — 21* — 9 



3 
and, dividing both terms of the fraction by x^ — 8j — 3, we find — 

for its most simple form. 

To reduce fractions to a common </enommaf or.— Page 29. 



X4 Xx = ]6x 

X 2a X 4 = 8a«x t 

X X X 3 = 8a«« 3 



Ex.2. 4 X 4 X x = iex 

ax X 2a X 4 = 8a'x ^ new nameratorn 

ax 

ax X X X 4 =s 4ax', the common denominator. 



ALGEBRAIC 7&ACTXON8. 13 

.-. the fractioiu are -- — => -r--5> •»<* 7—5; or - — , 7—, and : — . 

40** 4ojr 4«jr 4a4P 4ax 4aJt 



new nomeratorty 



by dividing by x. 

Ex.3. (2x4-1) x3=:6jp+S "J 

( « + «) X a = a« -f-a* y 
a X 3 = 3a I the common denominator ; 

j.1^ t^ A.' 6x 4- 3 . ox + a* 

•*• the fractions are ■ — , and 2— • 

3a 3a 

Ex. 4. 2axa=2a*^ 

new nnmeraton, 



0=20*^ 
4=8a 3 



2a X 

2a, the common denoiiinator; 

.*. the Iractions are -«-- > > and ^• 

8a 2a 2a 

Ex.6. (3x» — 2)x(a4-x) = 3a«*— 2a -f-3«*— 2x J 

/o-a _L^\wvf a* ^ ..^ >new nnmeratoF!*, 

(2x'— X 4-4) X 4as5s8flx* — 4ax4-l6a 4 

(a 4- x) X 4a s= 4a' -f- 4a«, the common denominator $ 

.w r X. 3a«* — 2a4-3«*--2jf 8ax* — 4ax-t- 16a 

.'. the fractions are r—^- --, and -— ^ . 

4a'4-4ax 4a' + 4ax 

Ex. 6. a (j?— y)) 

, ■ . . > new nomerators, 

* (*-l-y)3 

(* 4- y) (*— y) = *' — y*. the common denominator ; 
.-.the fractions are ".^^>, tStl^l, and — S— • 

Ex. 7. By multiplying together the denominator of the first, third, 
and fourth fractions, we shall have the same denominator as the second ; 



new numerators, 



X (a 4- x) (a — x) = a? (a*— x*), the common denominator ; 

c 




14 ADDITION OP FRACTIONS. 

... the fractions are <"'^/>^^~^>', ""^^ cc{a^x)^ ^^^ 

« (a 4* *) 



ADDITION OF FRACTIONS. 
Page 31. 

.r — y * + y x' — y* «* — y* i' — y' ' 

3x-f 2 , 4*4-3 , 5x4-4 36c«4-26c , 4acx4-3ac , 5abx-\-^ah 

tx. 3. 4" 4" —- ~^~~~"~~"~ 4" ' 4" 

a 6 c abc abc abc 

_ be (3j 4- 2) 4- «c(4jf 4- 3) 4- ab (5i 4-4) 

abc 

2« 3a* 2b . , 24o« 4- 6«»6 4- 24i» 4- 6a6 

^"•'■T + -6- + T + * = uib 

_ 4a* 4- g^^ 4- 46' 4- a6 
"■ 2ab 

Fv ^ ^ . y . ^ _ X jy— y^ j?4-y 

Ex. 6. Here we multiply the numerator and denomioator of the 
tirst fraction by its own denominator, to obtain the common denominator. 

p y — 6in;>y* _ p(3my^ — x) y — ^mpy^ 

Ihny-^— X "*" (3OTy«— x)* "" (3iiiy«— x)« "^ (3i»y«— x)« 

_ y— 3mpy»— pjf 

■" (3my» — x)« 



15 



SUBTRACTION OF FRACTIONS. 



Page 32. 



£z> 2. -T- "^ 



Ex. 3. 



£x. 4. 



2 3 6 6 

5x— 8 3g-f-2 gjB»— 8dr-f-3 3i«-f 5x4-2 2*'— I3r -f I 

1 1_^ g+Jf # — Jf _^ 2jf 



£x. 5. By multiplying the numeiator and denominator of the first 
fraction by (x + y) we have the common denominator x* — y. 

. 1 1 _ *+y 1 _ x4-y~i 

X — Jf af*^y* »*^y* «'— y* jt* — y** 

Ex. 6. Here we multiply the two terms of the first fraction by 
(x — 1) for a common denominator. 

gx — 3 __ 2x* — 13x+l _ &r»— 8x + 3 ^ 2x» — 13x 4-1 
x + 1 X*— 1 "" x«— 1 x»— 1 

3j^-L.5x + 2 3x + 2 

= 5 — , which reduced to its lowest terms is . 

x* — 1 X — 1 



MULTIPLICATION OF FRACTIONS. 

Page 33. 

o — X* 2a 2a'— 2ax* a^-^ax^ 

Ex. 3. — - — X =— s a — = 

2 a — X 2a — 2x o— ^x 

a+x a — X a* — x'_^(o' — x^y a^ — 2o*x* 4* -*'* 

a X a' 4- X* "" flfx (a' 4" **) a'x 4- ox* 



16 DIVISION OF FRACTIONS. 

Ex. 5. ^^Zf X ^- X -i- = ^-=^ = 1. 

Ex 6 3(a»~j?»).f a~x 4 _ }2(a»-^) -f4(a~jf ), 

2 ■" 3(o — ar) 6(a — x; ' 

and dividing the numerator and denominator by 2 (a — a:), we have 

12 (ffl^~ j?«) -|> 4 fg ~ x) _ 6(a + j) -f 2 
6(fl — d?) "~ 3 



DIVISION OF FRACTIONS. 
Page 34. 



Ex.2.?^±ix ' --«^'+^ 



a 6ar — a abx — a^ 

Ex 3 ^(« + .g)4-2 3(a-ar) _ 18 (a« — jg«) 4-6(a-x) 
* * 3 ^ 4 12 

3(a2 — apa)4. (a—*) 
2 

Ex. 4. Here we must reduce the dividend to an improper fraction, 
and shall have 



then, 



, 2a<r — 1 o6-f-i2ax— 1 

a + ■ =s ■ ; 

^6 b ' 



ab 4- 2a3g — 1 ax 4- 1 __ g^x -f- 2a»j?» -f ax + nb— 1 
6 X — a bx — ab 

_ g» (6x -h 2jg*) + a (g + fe) — J 
"" 6(x— a) 



INVOLUTION. 17 

Ex. 5. By reducing the divisor to an improper fraction, we find 

— — — ^— — Q 358 ' > 



and ]2, or -— X 



a'jp + ojf* or — J?* a*af — ajr» 

a*(a^— X*)— j»(g^~x^) _ (g» — x«)(a* — 1^) _ a*— a' 
flw (a* — «♦) "" ax (a* — x*^ "" ax 



INVOLUTION. 

Simple Quantities. 
Page 36. 

x' x' 
Ex. 8. The fifth power of — ia -jj. 

Ex. 9. The seventh power of — <r-* ar-^ is — o— *♦ jt-J. 

Ex. 10. The fourth power of — -r— - is Tg-Ji* 

Ex. 11. The «th power of a*** Is a*"af*", or (ajr)'«».t 



t For a veiy ample discossion of the theory and management of Radical 
Quantities and Fractional Exponents, see my translation of Lacroix's 

EUmens (FAlgibre, page 217, Ac. 

c 2 
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Ex. 3. 



iNVeLtj-rioir. 

Compound Quantities, 
Page 37. 



a — X 







a« 


— ax 

— aa? -f a' 






a« 


— 2aap-|-«« 








a • 


— ar 






«». 


— 2a*j? + aa^ 






xY 


- 


-a«* 4- 2ar»- 


-x» 


.'. (a— 


= a3. 


-3a«j: -h 3a««- 


-*3 



Ex. 4. 4ax + X •+• 1 

4a» 4" * "I" I 



4ax^ + ^* -f- * 

4ax + 4: 4- J 



.-. (4a.r4-x4-iy=16aV-f8ajr»+8a«4-«a4-2t+ 1 



Ex. 5. In Ex. 3. we have found the third power of (a — x) 
or, (a — xY = a' — 3a*x -f- 3ax* — x' 

a — X 



a* — 3a*x -4- 3o*x« — ax^ 
— o»x 4-3aV— 3ox«-f X* 

... (a — x)*= o* — 4a«x + 6aV— 4aa-« -f x* 
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Ex. 6. The square of \/jr* + y* is *■ + y* ($ee note, p. 5 of this Key) ; 
and, as the fourth power is equal to the square multiplied by the square, 
vre have 



Ex. 7.* The square of s/a -f- jr = a + x ; and the sixth power is 
equal to the square raised to the third power, 

a + X 

a 4~ ' 

o' -|- ax 



a« + 2a* 4- «« 

a 4" ' 

a' -f 2a«x -f ox* 

a«d» 4- 2ox* -f «» 

.V (n/ a 4- X )«= o» + 3a«x + 3ax*-f x« 

Ex. 8. Here the fourth power of V * — y := (v jr — y )* = t — y j 
and ( y/x — y )* = (x — y) y/x-^y • 

* By an error of the press a 3 has been introduced into the radical sign, 
but the square root is evidently intended, the sixth power of w a-\-x 
being equal to a' 4- ^^^ + ^\ for, the third power of w a •{• x , that is, 
(>/a4-x)'=:a 4* x; and the sixth power, being equal to the third 
power squared, is (a ■+• *)"> or a* 4" 2ax 4" **• 
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EVOLUTION. 

Simple Quantities. 
Page 39. 

4 2 13 

Ex. 6. The square root of -T^ — *^ "T^ ®^ 2a— * 6—5. 

Ex.7. The fourth root of o-^i-i c is a-ilr-ici. 
Ex. 8. The cube root of — 27o* i J x-^ is — 3aMi-». 
Ex. 9. The 6th root of — ; — is 



, a-» ar-i 1 I. ^ ~ 

Ex. 10. The cube root of — :- is = = a-^^-^x-^*". 

« J I ** 1 






To extract the Square Root of a Compound Quantity. 

Page 42. 

Ex. 3. 44^ — 16x« + 24a« — 16r -f 4 (2x« — 4x + 2 
4x^ 



4x^ _ 4a) — IQx^ + 24x2 
— 16x* + 16x2 



4x« — 8x 4- 2) 8a« — 16x + 4 

8x'— 16x + 4 
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£x.4. l«««H-^^ + ^9s' + 0<^+l<M> (4x* + 3x-h]0 
16** 



8x2 -f 3x) 24x» + 89x» 



8x' + 6x + 10) 80x* + 60x + 100 

SOx* -f 60x -f 100 



X x' x* 5x* 
Ex.5. 1 + x (1 4.-— — -. + ---.-- H-&C. 
^ ^2 8 ^ 16 128 ^ 

1 



2 



X*. X* 






4 8 "^64 
^ . X* . X*. j;* X* 

x» t4x^ X* X* 
8 "*" 64 64 "'"256 

^ 4^8 128^ 64^128 512 



— 5f!. — ffl 4..£f!! -» ^»^ , 25«* 



64 128 ' 512 1024 ' 16S84 



^» . «» Ar* . ^ V Tx» tx» . 6x» 25x» 

^ 4^8 64 ^ '-^ 128 512 ^ 1024 16384 



<fec. <fec. 



t The titadent will obwrve that these tMma have been reduced to the 
same denominators as the corresponding terms with which they are con- 
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EVOLUTION. 



Ex.6. 9x«— 12af6+10.T*— 28i3-f 17x»— 8x-f 16 (3x» — 2*« -f «— 4 
9x« 

6i3-2*2) — 12a?» -+- lOx* 



6x3 — 40?* + « ) 6^ — 2%a» + 17z« 

6a?*— 4*3 -f-x* 



6x3 — 4x« -h 2i — 4) _24.r»-f 16r»— 8x + 16 

— 24^ + 16x« — 8x + 16 



• • 



To extract the Cube Root of a Compound Quantity, 

Page 46. 
Ex. 3. 8x3 ^ 36jj1 ^ 543- _|_ 27 (2« + 3 

8*3 • 

12x*-+-18^+9) 36a?* -I- 54x 4. 27 

36x« -f 54x + 27 



nected, in order to effect the operations indicated : viz. the nomerator and 

X* 4x* 

denominator of the term -- have been multiplied by 4, (malcing -— - ) to ob- 

X* 

tain the same denominator as the term — — ; and the difference of the 

64 

two fractions is then taken ; the niunerator and denominator of the terms 

iX* X* 

^ ^^^ "^rTTf ^^^ ^^^^ multiplied by 2, for similar reasons. 
64 2o6 
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Ex. 4. 27dP« — 54dP» + 63** — 44x* -f Six* -* Of + 1 (3«»— 2* + 1 

27dp*-18x»+ 4af«) — 54«» + 63** — 44;r» 

— 64*« -f. 3«*« - 8«» 



27x*-36ar«-h21jp»-fl* + l) 27ff4~3«x* + 21^-.6«+ 1 

87«* — 36«» + 21«»— «* + 1 



Ex. 5. o«4-3a«6-|-3a6»-J-A»-|-3a*c-f-6a6e+3^f 4.3ac*-J-3Ac«+c» (a+A-J-c 



a» 



3aa-|-3aA-h*») 3«»6 -f 3aA« -f A» 
3««6 4- 3aA* + 6» 



3a«+aa6-h36«-f 3ac+36c+c?«) 3a*c + 0a6c + 36*c + Sac* -f- 3^ 4- c» 

3a*e + 6abc + 8M; + 3ac* + 3fte* + c^ 



SIMPLE EQUATIONS. 
Transposition. 

Page 48. 
Ex.3. 14— x=6«-}-22; 
... — «— .6* = 22»14. 
^ ^ 4-f-« a(«—2) ^ 

. 4-hx 6(x-2) _ 
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Ex. 5. 3jr + 7 = 23 — 5z -f- ^* "" ^ j 

4 J 1 

.♦. 3x + 5j? — =23 — 7. 



(UP 

Ex. 6. fl6 -f- — = a (x — 6) -f- 6 ; 

aff 

.'. -r o (« — A) = A — ab. 

b 

Ex. 7. 51-1-8 — ij?=6 — §a; + flx; 

.*. 5x — i.r-h}<v — ax = 6 — 8. 

Ex. 8. (2 + x) (a— 3)= 13— 2flur; 

or, 2fl -|- ax — Sjp — 6=13 — 2aa?; 

.-. ax -h 2aa? — 3x = 13 -I- 6 — 2a. 

Ex. 9. (a -h*) (c — x)=:(x — a) b; 

or, ac + 6c — ax — bx^bx — ab; 

.*. — ax — bje — 6d?=s— at — ac — be. 

To clear an Equation of Fracticms. 

Page 50. 

4 (x -1-3) 21 X Ga- — 8 
Ex.3. -4LJ__ = _ _4.2, 

.-. 672 (x +3) — 4410 = 140x— .720x -+- 960 -|- 1680. 

^ , 2j?-hl 1 SiP + 5 

bX. 4. xs ; 

3 7 *— 1 ' 

.-. (14a'-|-7) (j? — 1)— 3 (^— I) = 63i4-10o. 

„^ ax '\- b a ex 4'd 

Ex. 5. r-=s ■ — ; 

c b ex 

.'. {ax -\- b) bex — aeex=zeb (ex -|- r/). 
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Ex.6. -—- h6— ^ =0; 

a 4-x X 

.-. ox« + (a + «) 6x — (o -f «)« = 0. 
f 4. 3 2jr — 1 

Here 12 is the least common multiple of the denomioators; 
.'. multiplying by 12^ we obtain 

3x-f-9-|-72=s8x — 4 + 6. 

Ex 8 4fl(x-f l) 2a(^ — 2) ^ a+jr 2 

3 "^ a ^ 2a "'" 3 * 

Here the least common multiple of the denominators is 6a ; 
.'. multiplying by 6ay 

8a*(x4-l) + 12a (* — 2) =3 (a +*)-!- 4a. 
Ex.9. a+ --^_+2=:^— ^ + jj-^. 

Here the least common multiple of the denominatori is a* — x- ; 
.*. multiplying by a* — j^y we have 

a (a« — ««) + 3a (a — x) + 2 (a« — x«) = 4ax (a -f- i-) + j-. 

Ex.10. ...^!f_+— i_=— ^_-|.-J_. 

a — J? a-|-x a — j? a' — a'' 

Here a' — x' is the least common multiple of the denominators ; 

.'. multiplying by a* — x', we have 

ad? (a -f- x) -f- X (a — J?) = a (a + x) 4- ^ • 

T. ,, 3—1 ,3 1 , d? — 8 
Ex.11. — f— :=z;:: + 



2 * 6 20 ' 10 
Here 20 is the least common multiple ; 
.'. multiplying by 20, we have 

30 — 10^ + 12 = 1 +2x— 16. 

_ a 4- s . V a 4- X va — je 

Ex.12. . + y =z—= 

Va' — X* Va— X Va-fx 

Here the least common multiple is va' — x*; 

.*. multiplying by ^^a' — x*, we have 

a -f-x-f-a +x = a — ^. 
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To clear an Equation of Radical Signs. 

Page 52. 

Ex. 6. n/3— x-f 6 =8 4- A', 

by transposing, we have 

n/3— x=8 4-a? — 6=:2 + jf; 
and by squaring, . 3 — a? = 4 -f- 4x -f- x*. 

Ex.6. ^j_2 = 4 — 3^/x. 

by transposing, . . . . 4 i^x = 6 ; 
and squaring, . . . . 16.r= 36. 

Ex.7. 24 + ^s/uA' + A = 2x — a. 



by transposing, . . ^ aa -{- b=z2a! — a — 24 ; 

and by squaring, . ax'{-b=z 4i«— 4ai — 96x -f a«-f 48ff -f 576. 



Ex.8. a4-\/— a-h N/a'-|-2 = 3. 



by transposing, . . \/— a + n/j: + 2 = 3 — a ; 

or squaring, . . . — a + >/x + 2 =9 — 6a -j- a^ 

again transposing, . . *>/x -\-2=z 9 — 5a + «=» ; 

and by squaring, . j? + 2 = 81 — 90a -|- 43tt«— ]0a^ -|- «<. 



Ex. 9. \/a -f ^/~2ax = x. 

by cubing, .... a + N/2a7 = .r»; 

then transposing, . . n/ 2ax = r* — a; 

and by squaring, . . 2a* = x« — 2ax3 + a». 
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Ex. 10. 'J 1 4- */jP + '^ = *• 



by squaring, . . . 1 + >/x -f >/ax s= 4 ; 



or transposing, . . . v » + v fl* = 3 ; 

then squaring, . . . x -f- v ax =: ; 

again transposing, . . v a« = 9 — x ; 

and by sqnariog, . . ajr = 81 — 18x ^^ ^* 

Ex.11. >/o— x + 2 = a— ^/jp. 

by transposing, . . va — x=4 — i^z; 

or squaring, . . a — x=16 — 8^^* + *; 

then transposing, . 8^x=16H~8«— a; 
and by squaring, 64x = 256 -f- 64 a? + 4«* — 32a — Aax •\- a*. 



Ex.12. Vx— 4— 1= N/2-f-\/T--l. 



by transposing, . . v a? — 4 = v 2 + vx; 

then cubing, . . . x — 4^2 + /^/^'; 
again transposing, . . x — Qz=,y x; 
and by squaring, . . ^ — 12x + 36 ^ x. 

To solve a Simple Equation containing but one Unknown Quantity. 

Page 56. 

4(d7 4-2) 3,r+l 

Ex.1]. Given iL-ZLJ _, i — _^ . 

by clearing, we have 8.t -|- 1<* — 6 ^ 9x + 3 ; 
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and transposing, . . . Sx — 9j7 = 3 — 16+6$ 
,-. (changing signs), . . . . a? = 7. 

Ex. 12. Given "^ ~ ^ + "^T~" = **'-" ^• 
b}? clearing, . . 3x — 3 -|- T* + 28=21* — 63; 
then transposing, 3t + 7x — 21x = — 63 — 28 + 3 ; 
and collecting the terms, — 1 1 j? = — 88 j 

.*. dividing by — 11, . . *=: — — = 8. 

d? d? 6 f X -I- 2) 

Ex. 13. Given 4. — Jl + 5 = - ^ ^^ - 

2 3 8 

by clearing, . . . 24a? — 16a' + 240 = 36d? + 72 ; 

then transposing, . 24ii? — 16d? — 36x =r 72 — 240 ; 

collecting terms, .... -»28d?=: — 168, 

— 168 ^ 

Ex. 14. Given — H = — ■ — . 

d? + 2 ^ 4 4d? 

by clearing, . 32.r + 4d?» + 8a?« = 4x* + 8x» + 4x + 8. 
Expunging 4^* + 8j:' from each side of the equation, we have 

32d7 = 4j7 + 8; 
and transposing, .... 28x =r 8 ; 

whence, x = ~ = y 



1 aje a 

Ex.15. Given — ; — a=r= ( ; — 

a' — *' a — X a + x 
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Here a^ — x* is the least oommon multiple of the deoomioators ; 
multiplying then every term by a* — x*, we have 

1 — o' + OK* = a*x + a** H- a^ — ax\ 

by transpo. . ax — a'*, or « (a — a') =: a' + a* — • 1 ; 

at ^ „» _ 1 



• • Ml < 



a — o' 



Ex. 16. Given ^l:i5> + £ ==^ + .. 

Sb 3 4 

Here 12 is the least common multiple of the denominators; and, 
multiplying each term by 12, we obtain 

[ 6ctx — &bx + 4jr =3a6 -|- 12a ; 
collecting terms, . x(6a — S^-f4)^3a(6-f'^)> 

3a (b + 4) 



whence, x = 



6 (a — ft) 4- 4 



Ex. 17. Given -|- a« -f- Jx = ^ + * ^^ • 

Here the least common multiple of the denominators is 12; and, 
multiplying by 12, gives 

dividingbyo?, . . 8«-f- 6 = 12-f 3x + 3$ 
then transposing, . . . . 5x = 9 j 

9 4 

Ex.18. Given 4aft^ = ^^^^IT^^i+^f . 

Clearing the equation, 12a6^ = Sax* — 2bx + o^ ; 

then transposingi . 12o6x* — 3a«* =: — Hbx -f- ax j 

D 2 
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dividing by r, . . x (12a6 — 3a) = a — 26; 

a— 26 



consequently, x = 



12a6 — 3o 



Ex. 19. Given 21 -4 — = --—- ^ 

* 16 8^2 

Here 16 is the least common multiple of the denominators; therefore, 
multiplying all the terms by 16, we have 

336 + 3x — 11 = lOx — 10 + 776 — 66je', 

by transposing, 3j? + 56j7— 10x= — 10 -f 776 — 336 + 11 ; 

collecting terms, .... 49a = 441 ; 

441 
whence, j? = := 9. 

Ex. 20. Given 1. ^ ± ^ ± ^ ±=:z^7, 

2 ^ 3 ^ 4 ^ 6 

Here 60 is the least common multiple of the denominators ; 
.'. multiplying by 60, we find 

30x -f 20x + 15^ + I2a = 4620 ; 

and collecting the terms, . 77x =r 4620 ; 

4620 
consequently, we have *• = --— - i= 60, 

77 

a c 

Ex.21. Given x-f--7-x4--r* = »«' 

b 

Multiplying every term by 6, we shall obtain 

6a? 4" **' + ^'> or X (o -|- 6 + c) = bm ; 

hm 



and therefore, x =: 



a + 6-f c 
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Ex. 22. Given n/3« — 1 = 2. 

Squaring each tide,' . . . Sx — 1 =s 4 ; 
then hy transposing, . . . • 3z =s 5 ; 
and, consequently, jr^f. 

Ex. 23. Given n/«H-x« ssx + }. 

By squaring, . . . « + x»s5s*«+ Jx + J; 
and transposing, . . . x — }x, or},rs=); 
whence we have j? =: } = J. 

Ex. 24. Given 3 n/2x + 6 -f 3 s= 15. 
by transposition, . . 3 >/2x + 6 = 12; 
or dividing by 3, . . . n/2x + = 4 ; 
and squaring, . . . . 2x4-6 = 16; 
again transposing, . . . 2a' =10; 

10 
... ^ = ^ = 6. 

Ex. 25. Given >/3«-|-13 -^ 4 = 0. 

By transposing, we have y/sx •{• 13 ^ 4 ; 
cubing each side, . . . So? -f- 13 ^ 64 ; 
again transposing, , . . . 3x = 51; 

consequently, x=z — = 17. 

Ex. 26. Given ^ x -f- 3 = n/21 + g. 
By squaring the equation, ;r + 6 ^ «-f- 9^21 -f x; 
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Subtracting x from each side, and transposing, we find 

6v^a? = I2; 
or, dividing by 6, . . . . ^y a? = 2 ; 
again squaring, * . . . . ^ = 4. 

Ex. 27. Given ^ + 3/ = a + 2y j 

V a— 3/ 



or, substituting for the first term its value 'J a-^-y (note p. 30, Alg.), 

by transposing, . . . va-f-y=a-|-y; 
dividing by ^/a^y, . l = \/a + yj 

then squaring, 1 = a -(- y ; 

transpo. and changing signs, . 2/ = 1 — a. 



Eic 28. Given x + v a — x = /— — 

V a — 



X 



By clearing, . . . x Va — a? + a — d? = a ; 

then by transposition, . . x v a — a? = x ; 

dividing by x, 'J a — x = 1 j 

and squaring a — x = ] ; 

.*. (changing signs) . . . j? = a — 1. 



Ex.29. Given *J\ -f- >/a;* — -x* s= ii — 2. 
By squaring, , . 4 + *^^ — x* = x* — 4x -f* 4 ; 

expunging 4 from each side, va?* — a?* = x* — 4.r ; 

again squaring, . . . x* — j?* = x* — 8x' + 16t' ; 
then transposing, . . . . 8x'^17x*; 
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dividing by a**, 8x ^ 17 ; 

consequently, we have x = — s= 2 — 

Ex. 30. Given (2 -|- *)* -f «* = 4 (2 + x)~*; 

or, (2 + a?)* -f. X* a= 7 (Art. 38, p. 38.) 

(2 + *)4 ^ *^ 

By clearing, . . . 2 + «+ {r(2+ *)}i = 4; 

by transposition, . . {47 (2 + *)}■ = 2 — x; 

then squaring, o (2 + a), or «• -f 2x = 4 — 4* -|- «• j 

and again transposing, . . . 6.t = 4; 

4 2 
whence, consequently, x = —- = -- • 



QUESTIONS PRODUCING SIMPLE EQUATIONS INVOLVING BUT ONE 

UNKNOWN QUANTITY. 

Page 62. 

£x. 9. Let the first part be . . . x; 

then the second will be . x -f 3, 
and the third j* -f- 3 — 5, 



but, by the question, we have . . . 3jr-f6 — 5^37; 

or, by transposition, 3x = 36; 

36 
consequendy, * = "r =12. 

.*. the first part will be 12 feet, the second 15 feet, and the third 10 feet. 
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Ex. 10. Let X represent the number, and we shall have 

1 1 

then by clearing, Qx — 5x, or j: = 210. 

Ex. 11. Let X denote the time they travelled ; 
then, one will travel 3j: miles, 
while the other travels 7x miles ; 



and, by the question, we have lOa- = 150 ; 

150 _ 

Consequently, one will have travelled 45 miles ; 
and the other 150 — 45 = 105 miles. 

Ex. 12. Let X represent the less, and 60 — a* will be the greater. 
Then, by the question, 

a?(60 — x), or — x> + 60x = 3x»; 

or, transposing and dividing by r, — 4d? = — 60 ; 

—60 

whence we have x = ^ 15. 

— 4 

.-. the two parts are 15, and (60 — 15 =) 45. 

Ex. 13. Let X be the less, and the greater will be 45 — .r ; 
then, by the question, 

x(45 — x), or — x«+45x=:45 — J? — *«; 

and transposing, 46x =: 45 ; 

45 
consequently, x = -— • 

40 

45 45 2070 45 2025 
.-. the less is — , and the greater 45 — — -, or rr = —rr * 

46 46 46 46 46 
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Ex. 14. Let 2x be the first part. 

r being half of the first, 2x=the first part; 

Then, x \ . . one third of the second, 3x =: . . second . . ; 

C . . one fourth of the third, 4x ss . . third . . ; 

and 9x = 36. 

36 
Consequently, x = — = 4 ; 

hence, 2.r = 8 is the first part, 12 the second, and 16 the third. 

Ex. 15. Let X be the number of volumes in each parcel. Tiieii 
the first parcel cost lOx sixpences; 

the second 18x 

the third 21x 



and, by the question, 49x sixpences ^ 490 sixp. (= £l2 : 5s.); 

490 

.-. x=z — = 10. 

49 

Ex. 16. Let X be the number, and we shall have 

Jx-f ix = ix-f-35; 

by transposing, . . . ix + ia — ^xi=35; 

and multiplying by 12, the least common multiple of the denominators, 

we obtain, . . . 4x -f 3x — 2x, or 5x = 420 ; 

420 
whence, x = = 84. 

6 

Ex. 17. Let X be the length of the post; then, by the question, we have 

}x4-i* H- 10 = ^; 

by clearing, . . . 4r + 3x + 120= 12x; 

or, transposing, . (Tx — 12x, or) — 5x = — 120 j 



36 SIMPLE EQUATIONS. 

whence, x^ =t 24. 

— 5 

£x. 18. Let X be the number of hours required to fill the cistern. 

Here we see that the first cock, as it fills the cistern in 8 hours, will 
supply i of the contents of the cistern in one hour; the second will 
supply ^ in an hour, and the third ^ in an hour ; 

whence, | 4- ^ ^ ^ ^ the quantity supplied in one hour 

when all three are set running together, and as they continue running 
for X hours, we multiply the above quantity by x, and shall obtain 

X X X 

— H 1- — =1^ the quantity supplied in x hours, that is, the 

contents of the cistern ; and multiplying by 280 the least multiple of 
the denominators, we have 

35x + 2Sx + 20x, or 83x = 280 ; 

280 , 48 

hence, x = ^3 hours, 22 min. 24 — - sec. 

'83 83 

Ex. 19. Let X represent the gentleman's income. 

He pays | x for board and lodging, and has remaining x — J x, that 
is, } X ; he spends | of this remainder, that is, | of J x =c J x for clothes ; 
and lays by £20 ; 

2 2 

and multiplying by 9, the least common multiple of the denominators, 
we have 6x -j- 2x -|- 180 =0x ; 

transpo. and changing signs, x = 180. 

Ex. 20. Let X denote the number of days. 

Then 14 -}- 16 = number of miles in one day's journey ; 
and 14x -j- 16x, or 30x = 197 = no. of miles in x day's journey ; 

197 
.'. X = -^r- = 6 days, 13 J hours. 

oil 

Ex. 21. Let the number of beggars be denoted by x. 
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Then, in one case, he had 3^ — 8 ; and in the other 2x ^- 3. 
.-. 3x — 8 = 8jr + 3; and tmupoiing, x := 1 1 . 

Ex. 22. Suppose f ss the number of shillings he began with. Then 

14 20 

T — — - jp r= -— jp ; to which add 4#, or —- ; and we shall have the 
5 5 5 

4x + 20 1 

amount he then had, viz. — ^ ; afterwards he lost — of this, that 

5 4 

J^ + 5 ,.- , ^ 3. .Si- + 15 
IS, — - — ; and therefore had remaming —-, that is, ; — ; this 

5 4 5 

15 
latter, with 3 or — which he won, will give the amount he had this time, 

5 

. 3* 4- 15 + 15 3j + 30 . . . , , 1 , . .J 

VIZ. , or ; of this he lost •— , and then had 

5 5 6 

5 ^, ,. t5s'^ 150 x-f 10 ... . 

remaming — , that is, := — - — : and by the question, we 

have 

* + 10 «« 

clearing, * .... ft + 10:=40; 
and transposing, x := 30. 

Or That : 
Let 5x be the number of shillings he began with; then at the 
first game he lost I of his money, that is, x shillings, and afterwards 
won 45.; consequently, he had left, 4jr + 4. He next lost ^ of this 
sum, and therefore had remaining 3a' -f- 3, which, added to the 3«. 
won, makes 3x + 6 ; and then losing ^ of this sum, he had, finally, 
2j^ X + 5 ; but, by the question, this sum is said to be £l, that is, 

|-«+5 = 20; 

or, clearing, . . . 5x + 10 = 40 ; 
and transpo^iog, . . . 5x =: 30. 
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Ex. 23. Let X be the number of gallons required, 
then, (20 X 9) + (36 X 11) + 14j = 12 (20+36 + x) ; 
or, 180 4- 396 + Ux = 240 + 432 + 12x ; 
by transposition, 

(14* — 12ar, or) 2* = 96 (or 240 + 432 ~ 180 — 396) ; 

96 

consequently, a? = — =48. 

St 

Ex. 24. Let x be the number of days. 

1 

Then A can do — of the work in one day ; 

and B . . ~ . . . ; 

X X 

.*. — + — = 1 = the whole work done in x days; 

by clearing, . . . *« + ax, or « (a -f 6) = afc ; 

, ah 

whence, x =: . 

a + 6 

Ex. 25. Let x denote the number of days ; and here also 
hl-H h ^■ = one day's work ; 

consequently, V -r •\ h-r = l (the whole work) : 

a Q c a 

by clearing, . . hedx •\- acda -\- abdx + obex -seabed ; 

or (abc + abd -f aed -}- bed) x = abed ; 

abed 

whence, x = -; — ; — — • 

abc -f abd -\- acd -f bed 

Ex. 26. Let jr be the required number, and we shall have 
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bj squaring, . . . x-f'^^' + ^'^^ + M 

transposiogy . . . . — S^xss — tf; 
dmdiDg by 2| . . . . — j^ « := — S ; 

again squaring, c ss 9. 

Ex. 27 . Let x represent the less, the greater will be « + 6* 

Then by question — j: + — — - ^ — jr; and multiplying by 

3 V d 

15, the least common multiple of the denominators, we have 

5« + S«+lS = ^« + 30^3s; 
by trans|iosition, (fix + 3« — 6« + 3x, or) Oo; ^ 18 (or 30 — 18) ; 

.-. * — — — 2. 

The numbers are, consequently, 2 and 8. 

Ex. 28. Let x denote the number of days he was idle. Then, 9jr pence 
is the sum spent; and the sum earned is (24 — x) 42 pence =: 
1008 — 42x ; we have, consequently, 

1008 — 42« — Ox = 753 pence (= £3. 2«. 0</.) ; 

and by transposition, . . — 51x := — 855 ; 

hence we have x ^ -— ^ 5. 

— 51 

Ex. 29. Let x be the numt)er of minute-divisions that the minute hand 
passes over before overtaking thehour hand, commencing from 5 o'clock ; 

X 

and — will be the number of minute-divisions that the hour hand has 
12 

advanced in the same time; then 

25+^ = *; 

by clearing, . . . . 300 + x ss 18x; 

and transposing, . . . — lldr = — 300; 

^300 
.*. X = — - = 87 min. IB^^ sec. past 5. 
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Ex. 30. Let the first son's share be x pounds. 

1 3 

The second son's share will bej? + — jr= — x\ 

3 5 

then, the amount of these two shares will be — j: + j:, or — x, 

2 2 

5 1 ^5x'\ 5 5 10 

The third son's share = — x -{- --- ( — Y or —- .r H jr, or — .r ; 

2 3V2>'' 2 6 3 

then, the sum of the three shares =sjr4- -t-^-\- — x,ot , 

35jp 



or 



mv i. ,- , 35 . 1 ^35 >. 35x . 35j: 

The fourth son's share =— «? + — ( — J^)>or — r \- -ztt; or 

O 4 >, o ^ o 24 

^75 , ^ ^ ^ 3 10 . 175 

-—7- X : but the four shares, x A x -\- -r-x + x=315 pounds : 

24 2 ^ 3 24 r- > 

and multiplying by 24 the least common multiple of the denominators, 

we have 

24dr + 36f + 80« -f 175dr, or 3]5j: = 7560 ; 

whence * = —— — ^ 24. 
315 

3 

.*. The first son's share is or = 24: the second son»s, — j = 36: 

2 

the third son's, — j: = 80: and the fourth son's, x^ 175. 

'3 24 



To resolve Simple Equations containing two Unknown Quantities, 

Page 66. 



Ex. 3. Given 

39 + 6y 



C6x — 5^ = 39, 
^7d? — 3y = 54. 



From the first equation, x =; 



6 
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and from the second, x = *" * ; 

^ 39 + gy _ g4-f 8y 
•• 6 f ' 

by clearing, . . . 273 + 35y = 324 + 18y ; 

and transpoiing, (35y— ISy, or) 17y is51 (or 324— 273); 

■ 

*, ' 39 + 6y^ ^ 

consequently, « (= i— ^) = 0. 

o 



^1 .1 
-x+-y = 7, 



Ex. 4. Given ^ 



1 



Multiplying the first equation by 4, and the second by \2, we have 

4r 4- 23^=28, and 4dr— 3yss24; 

24 -^ 3i/ 
from which we obtain «= 28 — 2^, and a = — X— £ . 

4 

«o « 24+3y 

.-. 28 — 2y=s ~-^; 

4 

by clearing, . . . 112 — 8y = 24 + 3y ; 

and transposing, (— Sy — 3y, or) — ] ]y ss — 88 (or 24 — 112); 

— 88 ^ 

.•.y = ^j = 85 



whence x (= 28 — 2y) =: 1 2. 
Ex. 5. Given 



C 3^-iy = 7, 



^-i*+2y=14i. 
The first multiplied by 4, and the second by 2, will give 

12a? —y = 28, and — « + 4y = 20} 

20 -4- * 
. whence — y = 28 — 12j?, and y = — HI— j now, by changing signs 

£ 2 
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in the first of these equatioDS, in order that y may have the plus sigD, 

29+ X 
we obtain . — 28 + 12x = — ^; 

by clearing, . . . — 1 12 + A%x = 29 + x ; 

and transposing, (48x — x, or) 47dr = 141 (or 29 + 112) ; 

Consequently, x = — — - = 3 ; 

and y (= 12jr — 2S) = 8. 



Ex. 2. Given 



Second Method. 
Page 68. 

r 7x + 2y = 30, 
(^5x-}-3y = 34. 



0(\ ^___ 7r 

From the first equation, y = ; and substituting this value 

90 — 21x 
of y in the second, we have bx H = 34 ; 

by clearing, . . . IOj? + 90 — 21x = 68 ; 

and transposing, (lOx — 21x, or) — llx = — 22 (or 68 — 90) ; 

— 22 ^ 
...^ = — Pj = 2; 

30 — TiT 



Ex.3. 



and y (^= J = 8. 

rix + Jy = 8, 
Given < 



By clearing, we have 3* + 2y = 48, and 2x — 3y = 6 ; 

and from the last equation, x = ■ 7" i substituting this value of x 
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18 4- 9y 
in the preceding, . . ^ ^ -)- 2jf a= 48 ; 

by cleftring; . . . . 18 -|- 9y -f- 4jf = 96 ; 

and transpo. (9}^ + 4y, or) 1 3y ^ 78 (or 96 — 18) ; 

.-. y = l3 = 6, 

and « (= 5-i^) = 12. 
^ 2 ^ 



I 



4 = *• 

Ex. 4. Given 

8.= ^-*'y. 



3 

By clearing, . 2a? + 3y = 20, and 6x ^ 54 '- 8y ; 

from the first of these equations, we have y =: ^ ; and substituting 

this value in the second, 6x ^ 54 j 

clearing ag^ain, . . . 1 Sjt =: 162 — 160 -^ 16s ; 
and transposing, 2jr=;2; 

. , 20 — 2*. ^ 
whence y ( =s r ) = 6. 



£x. 2. Given 



Third Method, 

Page 69. 

r6^ + 5y=128, 
(^3x4- 4y= 88. 



By multiplying the second equation by 2, and subtracting the first 
fromit, we have 
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6j4-5y=128 



3y= 48 

.«. y = — =16; 

88— 4y. ^ 
and j?(=s — ^) = 8. 



{ 



7x4-3y=42, 
Ex. 3. Given 



By multiplying the first equation by 8, and the second by 3, in order 
that the coefficients of y may be equal, we obtain 

d6d? + 245/s=33tf 
— 6^ +241/ = 150 



by subtracting, .... 62^? =186 

186 
.% a?^-— — = 3: 

62 * 

42 — Tjp 
whence y (= ) =: 7. 



Ex. 1. 



ADDITIONAL EXAMPLES. 

Page 69. 

r5x-f 7y = 201, 

Given < 

(8f — 3y = 137. 



Multiplying the first equation by 8; and the second by 5, we have 

40x+56y = 1608 
40x — 15y= 685 



by fubtracting, ... 71]/ = 923 
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®23 



137 + 3v 
whence * (:= ^ — -) = 22. 



£z. 2. Given 



r — 3»H-8y = 29, 
(^ — 4* + 6y=20. 



Multiplying the first equation by 4, and the second by 3, we have 

— 12j? + 32y = 116 
^J2f + 18y=s 60 



>gr, • . • 


14y= 56 




••-y = |5 = 4; 


consequently. 


^(-%^)-l 



Ex. 3. Given 



r 3«-Jy = 3|, 
(^ — d7 4-7^:=33. 



Multiplying the first equation by 2, and the second by 6 > we have 

6dr — y=s7 
— 6« + 42y=198 



by adding, 41y = 205; 

205 
•.^ = -4^ = 5; 

and, changing signs, . . x (= 7y — 33) =: 2. 



Ex.4. 



Given < 



Multiplying the first equation by 18, and the second by 30, in order 
to equalize the coefiicients of y, we have 
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9x-\-ey =144 
lOx — 6y = — 30 



by adding, I9x = 114j 

consequently, x= =6; 

whence y (= "" _J"^ ^ ) = 15. 



Ex. 5. Given 



iven < 



2.r 

y +5y = 23, 

5x + f = -6i. 



Multiplying the first equation by 30, and clearing the second, 

2(U* + 150^ = 600 
20j?4-7y = — 25 



by subtraction, . . . l43y = 715 

715 
•••^=U3- = ^' 

A / — 25 — 7v^ 
and x(= __J!) = «.3 



Ex. 6. Given 




By transposition, in the first equation, we have — — ~ = 20: 

' 2 4 

and clearing, 2jp— y = 80; 

by transposing in the second, JLjU. -f — — ^^""^ = 35 j 
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or, clearing, 1 2x -f 12y + 20* — 30y + 16x = 2100 ; 
and collecting, . . . 47dr — 18y = 2100; 

then, multiplying the equation 2jr — y := 80 by 18, and subtracting it 
from this latter, we have 

47x— 18^=2100 

3ftv — 18y=1440 



Ux ssOaO; 

1440 — 364F. ^^ 
whence y (= — —^ ) = 40. 



Ex. 7. Given 



C.X*— y* = 6. 



By transposition, the first equation becomes 

« r= a — y ; and putting the square of this 

value of X in the second, a* — 2ay -f- y' — 9* = ^ ^ then, transposing and 

changing signs, . . . 2ay = a' — b; 

a^ — b 



.-. 3/ = 



2a ' 



whence, x(=:fl — y) = a §7"^ 2^ C^'^*' 2M=-2^. 

Or Thut: 

*» — y», or (« + y) (d?— y) = 6. 

By substituting in the second equation for jr + y its value a, given 
in the first, we have 
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a 



but X '\- y ^ a\ 



b a^4-b 

.*. by adding, . . . . 2x = a H =: (Art. 25.) 

a a 

b a^^h 

by subtracting, . • . . . 2y = a = ; 

a a 

consequently, x = — ^ and y ^ — 



Ex. 8. 



Given < 

(.1* — y'sc. 



By multipl3riDg the first equation by jt -f y, we have 

and substituting, in this latter, for j:^ — y' its value given in the second, 

6 (x + 5f )* = ac ; 
(, + 3,). = - = -; 

whence .. + 3, = JJ = « J^. 
If we multiply the first equation by jt — y, we shall have 

by substitution for x^ — y^, as before, and transposition, we obtain 



consequently, x-,=J-i=6j^ 



.*. by adding to this latter the equation found above, jt -f-y = « ^J --. 
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wc have 



•+^=•47* 

and bj BubtmctiDg, . . . 2y=s(a — b) l-r; 

, a4-b I c , a — 61c 

whence s == — ^ — -t» and y =s — - — —7 



QUESTIONS PRODUCING SIMPLE EQUiO'IONS INVOLVING TWO 

UNKNOWN QUANTITIES. 

Page 73. 

£x. 5. Let X be the number of half-guineas, and y the number of 
crowns, then (the half-guinea being 21 sixpences, and the crown 10) 
we shall have 

21x+ lOys=570 sixpences (=14/. 8«.); 
also bj question . . . . 22^=3x; 

multipl3ring the second equation by 5, will give iOy sslSx; or, by 
transposition, lOy — 15x = 0; and subtracting this from the first, 

we have 21x4-10^^=576 

— 15x + 10ys= 



36^ =576 



.«. X = -----=: 16. 
36 
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whence y (= — ) := 24. 

Ex. 6. Let X be the first digit of the two, and it will denote tens ; 
and y the second digit, which will denote units. 

Then, 10a?-f y = 4f -|-4y; 

10a? + y+ 18 = 105^4.*; 

By transposition, we have, from the first equation, 

6x = 3y ; 

3 1 

•'• * = "Try = -^ y* 

And from the second equation, 

or, dividing by 9, . . . . r^y— «2; 
equating these values ol x, y — 2 = ^ y, 
and transposing, . . t/ — ^ t/, or ^ y =: 2 ; 

.•. y = 4. 

Consequently, x (= ^ y ) = 2. 

Ex. 7. If we represent the father's age by j:, and the son's by y, we 
shall have 

ia?-f.3y=45; 

iy4.3a?=:lll; 

and by clearing these equations, we obtain 

«H- 12ys=:180, 
12t+ y = 444; 

multiplying the second of these equations by 12, we have 
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144X + 123^ = 5328, 
sabtracting the fint; . «-|-12y^ 180^ 



]43df =5148 



•••'=T4F = ^- 

And y (= 444 — Via) = 12. 

Ex. 8. Here, let x denote the numerator, and y the denominator. 

2x 2 

jy-f 2 _ 3 
2jf "~ 6 * 

By clearing the first, we have d«r:= 2y -|- 14, 

or transposing, . . . . 6j7 — 2y=14; 

and clearing the second equation, we shall find dj; -f- 10 = 6y ; 

or, by transposition, . . &a — 6y^ — 10 ; and subtracting this from 

first eq. mult, by 3, . . 18a; — 6y ^ 42 



13x . =52 



...^ = - = 4; 

14 — 6af 4 

whence y (^ — ) ^ 5. .*. --- is the fraction required. 

— as o 

£x. 9. Let X be the number of days in which the man could drink 
the whole, and y the number the woman would require. 

Then, 1 := one day's consumption of both. 

15 15 

.'. — H ^1 (^ the whole quantity, or 15 days' consumption). .IstEq. 

X y 
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and, by question, -4 , or =1 . . . . 2d Eq. 

X y 1^ X y 

2d Eq. X 15 ... = 15; 

X y 

1st Eq. X 6 . . . . = 6 : 

X y 



450 
subtracting, = 9, 

y 

clearing, 450 = 9y. 

450 
.-. y = -0- = 5O; 

15 15 15 3 

and — = 1 J or — = 1 — — ; and, by clearing, 150 ^ 10« — .3j ; 

X y X 10 

that is, 707 = 150; 

150 ^.3 

consequently, a = — — = 21 -— • 

Ex. 10. Let X represent the price in shillings of the wheat, and y 
the price of the barley. Then, 



30j? 
50x 



H- 40y = 270 shillings (= 13/. 1 0*.) "lor dividingr 3jt + 4y = 27, 
4-30y = 340 , . (=17/.) ^ by 10 (^ 5x + 3y = 34. 



Multiplying the first equation by 3, gives 

9«H-12y= 81 
and the second by 4, . 20r -f 12y = 136 ; then, subtracting the pre- 
ceding from this latter, • Mx = 65, 

66 
Consequently, « = -— ^ 5. 

, 34 — 5*. ^ 
whence y (:= ) := 3. 
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To resolve Simple Equaiioru containing three Unknown Quantities, 

First Method, 
Page 76. 

7x-|-^y + 22= 70 . . . . l8t Equiitioii. 
Ex. 3. Given < Sj? + 7y + Ot = 122 . . . 2d Eq. 



y* (X -f- oy -f-asz== fv . • . . 
< 8j?-f 7y +0t = 122 . . . 



3dEq. 



by adding the three, ]6x + 16^ + 16z = 256, 

and dividing by 16, x+ y+ ss 16 ... (A). 

Then^ multiplying equation (A) by 2, and subtracting it from 1st Eq.^ 

7x + 5y H- 2j = 79 
2i? + 2y + 2s = 32 



5x + 3y =47 . . . (B). 

By multiplying (A) by 5, and, subtracting 3d £q. from it^ we have 

5«r + ^y + ^<^ = SO 

X '^ 'ky -^ 5z =z 66 



4x H- y = 25. 

Multiplying this latter by 3, and subtracting (B) from it^ gives 

12*+.^y = 75 
5x + 3y = 47 



7x =28 



28 
consequently, j? = —- = 4 . 



F 2 
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Whence (B),y(= il^il) = 9, and (A), j (=» 16 — * — y) = 3, 



!3x — 9y + 8z = 41 . . . 
— 5xH-4y+2x= — 20 . . 
llx — 7y — 6«=r37 . . . 



3x — 9y + 8z = 41 . . . IstEq. 
Ex.4. Given <^5x + 4y+2x = — 20 . . 2d Eq. 

3dEq. 



IstEq 3x— 9y + S<= 41 

2d Eq. molt by 4, —20*+ l«y + 8x = ~ 80 



bj sabtracting, . . 23x — 25jr = 121 . (A) 

3dEq ilx— 7y— 6j= 37 

2dEq. X3, . . — l»x-f 12y + es = — 60 



bj adding, ... — 4jr-f 5jf = — 23 . . . (B) 

Equation (A) .... 23x — 25y = 121 
Eq. (B)X5, . . . — 20jr + 25y==— 115 



by adding, .... 3x = 6 

6 

consequently, «=:—- = 2. 

«f 

23 4- 4x 41 — 3x+9v 

whence (B),y(= -I—-) =-3, and (IstEq.), «(= XJ') = 1 



Ex.5. Given x Jr + iy + J« = 15. 



4x+Jy4-Jr = 12. 
or, by clearing these equations of fractions, we have 

6a? + 3y + 2» = 192 . . . 1st Equation. 
20x-f 15y + 12r= 900 . . . 2d Eq. 
30x + 24y + 20^ = 1440 . . . 3d Eq. 
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Then, 1st Eq. X 6, 30x + 15y + 102= 960 
2d£q. . . 20x + 15y + 12s = 900; 



by subtracting, . . 10« 



Sssss 60 . 



(A). 



And 1st Eq. X 8, . 4S.v + 24y + 16s = 1536 
3d Eq. . . . SOx + 24y + 20s s= 1440 



sabtracting, . . 
Eq. (A) X 2 . 

subtracting. 



18« 
20af 



— 4z^ 96 . . . 

— 4ss 60 



(B). 



2x 



= 24 
24 



consequently, « ^ — s= 1 2. 



60— lOx 



whence(A),«(= --) = 30, and(l8tEq.), y ( = 



192-6«-2s 



) =20. 



3 



+ 2f = 21 



Ex.6. Given < ■^^-~- 3« = — 65 

• V—'t 

= 38 



3g + y — s _ 
2 



or, by clearing these equations of fractions, 



x+y-^6zz= 63 . . . Ist Eq. 
— 6x-fy+ s=— 130 . . . 2dEq. 
3« + y— 2= T6 . . . 3dEq* 



latEq a7 + y + 6s= 63 

2d Eq. ... — 6* H-y + s = — 130 



subtracting, . • ta 4>5;s= 103 .. . (A). 
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3d£q. 
1st Eq. 



subtracting; 

Eq. (A) X 2 . 
Eq. (B) X 7 . 

subtracting; . 



3j? +y — « = 76 

a?-f y-|-62 = 63 

2j? —7s = 13 

14a: 4- lOz = 386 
Uof — 493= 91 

592 = 295 
295 



. (B). 



s = 



59 



= 5; 



13 -4- 7» 
hence (B),a?(= — J — ) = 24, and (IstEq.), y (= 63 — 68 — jr) = 9. 

2 



QUESTIONS PRODUCING SIMPLE EQUATIONS INVOLVING THREE 

UNKNOWN QUANTITIES. 

Page 82. 

Ex. 2. Let X be the first number, y the second, and s the third. 
Then, . . . ix+Jy-fls=46 

l^-l-iy+J'^ = 35 

i^+iy + J^ = 28ij 
and, clearing these equations of fractions, we have 

6x + 4y + 32 = 552 . . . 
20j?H-15yH- 122 = 2100 . . . 



. . . 1st Eq. 
. . 2d Eq./ 
15x -f I2y H- 105? = 1700 . • . 3d Eq. 



3d Eq 15x + 12y + lO^f = 1700 

IstEq. X3 . . 18x-f-12y-|- 92 = 1656 



by subtracting 



— 3x 



+ z= 44 . . . (A). 
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2d Eq. X 4 . . . 80dP+ 60y +482 = 8400 
1st Eq. X 15 . . OOf + 60y + 45i = 8280 



subtracting . . — 10« 4- 3s= 120 • . . (B). 

Eq. (A) X 3 . — 0* + 3s = 132 



subtracting; . . . x =12 

whence (A),» (= 44 + 3«) = 80,and(lit Eq.),y (= 5 )=eo. 

Ex. 3. Let 2 + 14 be the first share, x the second, y the third, and 
2 the fourth. 

** + te + i« = «+H 

s + 14 



3 

s + 14 



4.Jy + Js = * 



By multiplying the first equation by 2, the second by 3, and the third 
by 4, and then transposing, we shall have 

a-^- y — z=s 28 . . . Ist Eq. 
— 3d7+ y + 2xs=:— 14 . . . 2d Eq. 
J.— 4y 4.22=— 14 . . . 3d£q. 

Then, 2d Eq. . — 3x -{- y + 2» = — 14 
3dEq. . » — 4yH-2« = — 14 



by subtracting, — 4x-|-5y = ... (A). 

2dEq. . . . — 3jp+ 3f + 2«s= — H 
1st Eq. X 2 . 2x + 2y — 2s =: 56 



by adding . . — x + 3y = 42 . . . (B), 
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Eq. (B) X 4 
Eq. (A) 



— 4r+ 125=168 
— 4«+ 5y= 



subtracting .... 7y= 168 

.-. y=— = 24; 

whence (B with agaa changed) x (= — 42 + 3y) = 30, then ( 1 Eq. 
with signs changed) s (= — 28 + x -f y) =:26, and t -f 14 ^ 40. 

.*. the sum of these shares is 120/. 

Ex. 4. Let X be the number of crowns^ y that of the guineas, and ; 
that of the moidores. 



Then, 5x + 21y-f27x; 

21x-f 5y-f27x: 
27x-h21y+5j: 



s. 

:454(: 

i726(: 
916 (: 



/. *. 
22. 14) 

36. 6) 

45. 16) 



IstEq. 

2d£q. 

3dEq. 



2d Eq. . . 
Ist Eq. . . 

subtracting, 
by 16, . . 

3d Eq. X 27 
2d Eq. X 5 

subtracting, 



21xH- 5y + 27x = 726 
5dr + 21y + 27z = 464 



16x — I6y 



= 272 ; and dividing this equation 
= 17 . . . . (A). 



. 720x + ^67y + 135x = 24732 
. 105;r+ 25y + l35z= 3630 



624x + 542y 



= 21102; and dividing thiif 



equation by 2, . . 312ar + 271y 
Eq. (A) X 271 . 271x — 271y 



105^1 
4607 



(B). 



adding, . . . 



6%Sje = 15158 

15158 
consequently, jp = — -— — = 26. 

Oo3 
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whence (A with signs changed), y (:= — 17 + ar) s= 9, and (lit Eq.), 

454 — 6x — 21y^ ^ 
»(= ^2^ ) = 5. 



ARITHMETICAL PROPORTION AND PROGRESSION. 

Page 87. 

Ex. 4. Here, a := 1, d=z2, n = 100, and the fonnola 

in {2a + (»- l)rf} =sSgiTet 
50 (2 + 00x2) = 10000. 

Ex. 5. Here, as= 12, 1:=^, n = 24 j and the fonnola 

Ex. 6. Here> a = |y d^^h n = 25 ; and the formula 
in {2a4-(« — l)d} =S, becomes V{14-24Xi} = ^ X 13 = 182J. 

Ex. 7. Here, a = }^ ^= i> n=s6, whence 

i = | + 4<;, that is, ^d = i — i 

consequently, a = ■ , =z 4 = r- • 

4 4 24 

and J H-ii = |, 

| + ji=^> .*. I, <f^, and J^ are the means required. 

A + i, = il, 

Ex. 8. Here, a=zl, n = 23, 8 = 149^. 

then 149J = V(2 + 22rf); 
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by Clearing . . . . 299 = 23(2+224); 
dirlding by 23, .... 13 = 2+22^; 
transposing, . . . . 22rf= 13 — 2=11; 

... rf=a = i. 



GEOMETRICAL PROPORTION AND PROGRESSION. 

Page 92. 

Ex.4. Here, a = 9, r = 3, n = 10, and the formula 

a (r*— 1) o ^ » (59049 - 1) oft„,« 

— -i ^=S, becomes -^ ^=265716. 

r— 1 2 

Ex. 5. Here, o = 1, r = — i, and the formula 

a 1 2 

= S, becomes . =s -«- • 



1-r ^' l + i 

Ex, 6. Here, a = 1, r = J, «= 10, and 

fl(r»-l)_ 1 59049 59948 

— — p- — S gives ^^^^ ^g^^g — ^^Q^g ; 

1 3_ 2 59048 2 _ 177 144 __ 9841 

'^"^ T"" T^^T' ^^^"""looio' ' T"" 118098" loesa- 

Ex.7. Here, a=l, r = — }, w = 6; and 

a(;.i.__l) 729 4096 _ 3367 
r-^1 ' ^*^®* 4096 ""4096"" 4096* 

3 £ JL. th 3367 , 7 _ 18468 _ 3367 

and— — — — — — ^ ; then, ^^^ . ^ — ^^^^^ — 7168* 

Ex. 8. Let the terms be a, ar^ ar\ ar^, ar*; and we have 
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a^|, or*^} .*. by diriBion — =s|-^|ss|; 

A 

thatb, H = }; hence r'^l, and rs=^}. 
.*. the means are or = | ^^, ar*^l x I = i» ^^^ ^^^i s/V 

1 a 

Ex. 0. Here, a ss 1. f = — ; and b = becomea 

* 1 — r 

1 a 

8 =s 






Ex. 10. Let the temu be a, ar^ or*, ar*, atA ; we hare 

ar* 

a = 4, ar* =s 324 ; and by division = r* 3= 81 . 

a 

whence rs=: 3; .*• ar:=ld, ar'= 36, ar'sslOS. 

EX. II. H«e, a==20. . = l?,.nd.= -^ become. 

' 20' 1 — r 



20 400 

19 ~ 20 — 19 = 400. 
~20 



QUESTIONS IN WHICH PROPORTION IS CONCERNED. 

Page 96. 

£x. 4. Let s denote the number of bushels of wheat, and y that of 
the barley. 

Then, lOjr-f- 4y is the cost price, 

lla?-^11y . . selling price; 



•ubtracting, . . x-^- ^y . • profit. 

G 
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hence, we hare . lOx + 4y : » -{- 7y :: 100 : 43f 
by clearing, . . 40x + 16y ; 4a7 + 28y :: 400 : 175, 
X Extremes and means, 7000x 4-2800t/= lOOOx + 11200>y; 
-^ by 200 .... 35A'4-14y = 8xH- dOy; 
transpo. and -7- by 3, . . . 9x = 14y. 

s : y :: 14 : 0. 

Ex. 5. Let X be the first digit, and y the second. 

Then we hare x -|-y : lOx -f y :: 4 : 13 

and y — x: lOy -f x :: 2 : 31 

X Extr. and means (Eq. 1), . 13x + 13y =:40x + 4y ; 
^anspo. and -^ by 9, . . . y=:3.v; 

which will also be found from the second equation, 

hence, there are three numbers which fulfil the conditions of the question, 
viz. 13, 26, and 39. 

Ex. 6. Here, the hour-hand passes over 5 divisions or minutes, while 
the minute-hand passes over 60; and putting x for the number of di- 
visions which the hour-hand passes over before they arrive at the 
required position, we have 

.V : 5 :: 25-f X : 60, 

X Extremes and means, 60a? ^ 125 + ^' ; 

transposing 65x = 1 25 ; 

125 ^ 3 

and 25 -h 2'j^ = 27 min. 16^ sec. 
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Ex. 7. Let X be the fint namber, and y the other. 

Then x-|-y:jr— y::3:8 . . . (1). 
X — y , ry ;: S : 5 . . . (S). 

X Extremes and meanB (1), 2x + 2y = 3jr — By, 
transposing, 5y=sx. 

andy substituting this value of y in (2) we have 

5y— y, or 4y : ^y* :: 8 : 5. 
X Extremes and means, lOy* =s 20y ; 
-r-byy, 10ysss80; 

whence, x (s= 5y) = 10. 

Ex. 8. Let I X be one number; and } x the other, 

then, ix 4- : Jx + ^ :: i : i ) 

X Extremes and means, i^a; + 2 ^ Jx + 3 ; 
transposing, .... ^x — {x, or j)|X=:l ; 

.'. x^60- 
Consequently, |x = 30, and }x^40. 

Ex. 9. Let X be the number of gallons of the best brandy, and^ that 
of the inferior; then reducing the prices to sixpences, we have, by the 
question, 

81x-f r2y = T0» + 79y; 

transposing, 2x=5 7y. 

.*. X : y :: 7 : 2. 
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Ex. 10. Let X be one number, and y the other. 

X -{-y IX — y w 9\ d . • . (1). 

x—y, xy ::d:p • • • (2). 

X Extremes and means (1), sx — syssda'\- dy; 
transposing .... (s — rf) » = (*-}- rf) y; 

s — d 
Substituting in (2) this value o(x, we shall have 

s — d "^ s — d '^ 
X Extremes and means, — i— rfy' = C^-^ ^^ Py\ 

X hys — d, and-f-byy, (* + rf) rfy = (* 4-rf — « + rf);>; 

that is, (s -f- d) dy = 2dp 

-r-byrf, (9-\-d)y=z2p; 

2p 

^P 

, r (s + d)y (* "^ ^^ r+d >, 2p 

whence, «( = i— ! — ^, or , ) = — ^• 

V s — d 8 — d J s — d 

Ex. 11. Let the greyhound take x leaps; then the hare (in the 
same time) takes }dr; so that the hare will have taken altogether 
) jr + ^0 leaps. Now, by the question, the greyhound's leaps are to 
the hare*s as 2 to 3; therefore, 

X : ^x + 60 :: 2 : S 

X Extremes and means, 3x = j c •{• 100 ; 

clearing, . . . . Ox = 8* + 300} 

and, transposing, ....« = SOO. 



QUESTIONS IN PROFOHTIOM 

£x. 12. Let e, f, g, represent days or hours. 



65 



a 



A can do — in one day or hour. 
e 



B ± 

B .... - 



C - 

e 



a h e 
.'. together they produce the effect — + t + — *" ^°® ^*y ^^ ho\xT, 

^ J g 

Consequently, — + -^ + — : 1 - ^ : T ' ^^'' ^^^^^ ^^^ 

product of the two means is equal to that of the two extremes, the 
fourth term is found by dividing the product of the means by the first 
term. 

£z. 13. Let the progression be denoted by i*, xy, xy', .ry'. 
Then by question, . x +^ = H8 
and . • . xtf'^»^'=^%%% 

V , . «y (1 H- y*) «y sss 

^Meq.byW, . ^J^J, or 2 = _ = 6; 

and^ substituting this value of y, in the first equation^ we have 

X + 36x, or 37x = 148 ; 

consequently, x = -- — ^ 4. 

hence the numbers are 4, 24, 144, and 864, which give 4 -|- 144 = 148. 

and 24 + 864 s 888. 

2 



66 QUADRATIC EQUATIONS. 

Ex. 14. Let X be A's stock, and y B's stock. 

Then, j?-f 150 : y— 50 :: 3 : 2 . . . (1). 
X— 50 : y + 100::5 :9 . . . (2). 

X Extremes and means (1), 2a? -f- 300= By— 150 

X (2), 9j?— 450= 5y+ 500 

X(2)by3, 27j?— 1350 = 15y4-1500 

X(l)by5, lOx + 1500 = 15y— 750 

Subtracting, .... I7d? — 2850= 2250 

transposing, I7x = 5100j 

5100 ^^^ 
.«. j = — -=300. 

whence y (= ; = 3o"» 



QUADRATIC EQUATIONS. 

QUADRATICS INVOLVING ONLY ONE UNKNOWN QUANTITY. 

Page 103. 

Ex. 0. Given Sx^ + 6 = 7a? + 171. 

by transposing, . . . 8x*^ 7x^165; 

. 7 165 

-f-by8, r ^x = -^; 

completing the square, 

a« — -J-* + (jq) — 8 + Viey "" 256 "*" 256 "" 256 ' 
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Extracting (he square root, x = ± I ^^^ i- I? • 

J« N 256 "" Itf* 

7 73 
trangpofting, .... * = t^ ± t^; 

10 to 

that is, t:=zji^^5, or -j^ = -.4j. 



Ex. 10. Given 3a>=4S— 5r. 
transposing, af' + ^' = ^S; 

-r-by3, «« + --*= 14; 

3 

completing. ^ + i.,+ (£).= x4 + (±).= ^; 



Extracting the root, jp + y = ± ^ -^^ = =^ T' 

5 S3 

transposing, , . . , j — = -.- -— -t -— . 

o 

that is, 07 ^ 3, or — 4 }. 



3B ^— * 
Ex. 1 1 . Given Ax = 46. 

X 

Xby», .... 4x»— 36 + x=i46«; 

transposing, .... 4x'— 45jr=i36; 

45 

-rby4, «• 7-x = 9: 

4 



1 41 « ^^ • ^4^\a n . /45N, 2601 

completing, *«——, + (^—^ = 9 + (-j» = -gj- 5 



^g J 2601 51 

extracting the root, x— g = ± ^-_=s ± --j 

45 51 
transposing, .... x= y ± — • 

that is, Of =12, or — f. 
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Ex.12. Given ?iH2lzli2 + , — 2 = 24 — 3*. 

ar — 3 

clearing, 12x — 66 + a?« — 3x — 2ar + 6 = 24d? — 72 — 3jf* -h9« 

transposing, .... 4i* — 26x = — 12; 

26 
H-by4, «« — — r = — 3; 

4 



completing, *» - ^* + (H)« = - 3 + (^y = 



121 
16 ' 



^ .. ^, , 13 I 121 11 

extracting the root, x — —- = ± J ---- = ± — - ; 

13 11 „ 
transposing, . . ^ = -7-±-7-=6, or*. 

4 4 

120 90 

Ex. 13. Given - — -- + -^ = 42. 

3x 4- 1 ^ 

20 , 15 
-:- by 6, ^ 7 ; 

clearing of fractions, 20x -f 45<v 4- 16 = 21.]^ -f 7d? ; 
transposing and changing signs, 21x3 — 6Sx = 15 ; 

-rby21, 4c9 — — «=— ; 

completing, ^-iY*+ (J?> = ^ + O = 



1156 



._ ., .u X 20 11156 34 

extracting the root, *— JY " ^ N 141 "^ =*= 2I ' 

34 20 5 

transposing, . . *= ± §1 "^ 21"^^' °^ ""21* 



Ex. 14. Given x» + (19 — x)»= 1843. 

that is, . . 4?» + 6859 — 1083« + 57fl?« — «> = 184 



QUADRATIC EQUATIONS. C^ 

transposing, . . 57x«— 1083x = — 5016; 
-r-by57, x«— iejt = — 885 

completing, *• - 19* + (^ = — 88 + (— )• = — ; 

19 19 3 

extracting the root, x — q'^^^N'T^^^T' 

3 19 
transposing, , . « = ±— -h-s^*^**®'®' 

Ex.15. Given 325 + *: Jt :: 245 + * :00. 

X Extremes and means, 19500 -f 60*= 245a + «• ; 
transpo. and changing signs, s^ + 185ap ^ 19500 j 

xl85x . y-l85\, 112225 

completing, x« + 185i + (-^)»=s 19500 + {^-/ = —4— ' 



185 1112225 . 385 
extracting the root, jr -| — — ^ ± ^ — 5 x —5" » 

185 , 835 aiu% 

transposing, . . . i = g- ± -^ = ^5» ^^ — *«**'• 

Ex. 16. This question (which expresses only an identity), is to be 
omitted. (See errata.) 

Ex. 17. Given {34 — (x— 1)3} y = 57; 

or (34 — 3d?-f-3;-|- = 57: 

34j? 3j?« , 3ap 3^ , ^^-^ _a*. 
that is, . . "2 "T""^T'®' F""^"?" ' 

2 37 

X by -r-, and changing signs, a* — — « s= — 38 ; 
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completing. .._^. + (J). = _38+ (5). = 1, 

37 ^1 1 

extracting the root, x — — = ± /^~ =s ± — ; 

37 db 1 ^, 
transposing, . . «=: — - — ^ 6|, or 6. 

6 



Ex. 18. 



-rby2, 



Given 


10 14~2x 22 
« «« "■ 9 




5 7 — 0? 11 
a? x« "■ 9 ' 



clearing and -f- by a?, \6x — 63 + 9x ^ 1 1 j?* ; 
transpo. and changing signs, 1 Ix* — 6\x = — 63 ; 

-T-byll, j9«__-x= — Yi» 

. 54 , /27x, 63 , /27x, 36 

completing, x»--x+ (-)» = -- + (-)• = -^; 



27 I 36 6 

extracting the root, * — XJ" ^ nIIT^ ^ IT' 

27 ±6 ^ 21 
transposing, . . . x = — rrj — = 3, or — - • 



Ex.19. Given ^—r — ^ / ' =y — S. 

Clearing, y*— 10y«-f- 1 =y8 — 6y« + 9y — 3y'4- 18y — 27 ; 
transposing, . . . — y* — 27y=: — 28; 

841 



compl. and ch. signs, y' -f 27y + T-r-V = 28 -f (%-)' = 



27 I 841 29 

extracting the root, y + -g- = ± ^ -^ == ± Y » 
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-^27 -t 29 
transposing, . . y =5 =1, or —28. 



P on r. 6a?» — 23*4-10 

Ex.20. Given qHjT^ =»: — 7jt + 42. 

Clearing, 6x* — 23j + 10=s — 63jr + 378 4- llx«— 84* ; 
transposing, . . . ~ 8x* + 124c = 368 ; 

-7- by 8, . . . — -p« + __.,, or — jip«+—«s=: 46; 

5 a 

compl. and ch. signs, jp« - H, ^ T— > = — 46 + ("Hy = ?££ . 



extracting the root, x — ?1 =- ± J i?! = ± — ; 

4 31 + 15 

transposing, . . 1 == E = 14, or 4. 

Ex.21. Given x + ^lZEi — 8. 

V X — 3 
Transposing, .... =s8 — «• 

X — 3 
squaring, .... — . — = 64— 16x + ^; 

4 ' ' 

clearing, .... x_3 = 256 — 64x4-4^>; 

transpo. and ch . signs, 4x' — 65x =r — 250 ; 

- b, 4 and co»p... ..-^,+ (f).=_«£l+(|),^!i, 

extracting the root, x = -+- — = + — • 

* . 65 ± 

transposing, . . . j? = — i— = 9^, or 7. 



72 <iuaDratic equations. 

Ek.22. Given 2x + ^=^ = *-('+ 0. <- 2x' + 2*. 



x« 



Cancelling 2 jf and ^ by a?, . ^^-j—^^ 



— ^2z ; 



(j?s=n/««) — 



l« 



^/ 2x2 — 3i 



= 2x; 



-j- Bumer. and deno. by x, /- ^ ___ ^^ — ^* ' 



^ ==2; 



-^ ^y *' n/ 2x2 _ 3a: 

1 
squaring, gx^ — 3x 



= 4; 



clearing and chang. sides, 8x* — 12x — 1 ; 

12 o 3 1 

^by8, . . . x«^-x, orx«-yx = -^; 

completing, . . * — Y^ + V 4^' " 8 ^ V4 / 16' 

extracting the root, ^"""4"""^N16"" 4 ' 

_ __ -*- ^ __j. or ■ . 

transposing, . * — ^ » 4 



Ex 23. Given ^4 + n/2x» + x« = 



x + 4 



,_ j^ -^. 8a? + 16 J^ + 8j , 

Squaring, 4 + V Sx^ + x« = ^ = J -^ ^ ' 

cancelUng 4 and clearing, . 4 n/ 2^T^ = x« -h 8x ; 
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-T- by X, .... 4 >/2j: + 1 = « + 8 ; 
squaring, . . . 32x -f 16 = x* 4- 16ap + 64 ; 
transpo. and changing signs, x^ — 16r =s — 48 ; 
completing, . . x* — 16x4- 64 = — 48 + 64^ 16 ; 

extracting the root, a — 8 = ± n/TS = ± 4 ; 
transposing, . . . x =5 ± 4 -f 8 = 12, or 4. 

Ex. 24. Gi?en» x^ + x^ = dj?*. 

-f- by a*, a? + «* = 6 ; 

1 1 25 

completing, • . ^-|-x-f--T-=fi + -4- = "T"5 



1 1 2d r, 



extracting the root 



— 1 ± 5 
transposing, . . . d? = = 2, or — 3. 

2S 



Ex. 25. Given l/at^ — a^ = x — 6. 

By cubing, . . x^ — o=' = x» — 36x' + 36«.r--63; 
cancelllDg ^, and transpo., 3 Jx' — 36^j? = a® — ^'^ ; 



-7- by 36, x« — ** = 



3d 



• The learner must conceive the above quantities, x^ -}- x^ = 61^, to 

be expressed thus : a?'"*"' + xa+» = 6x» ; and then, by subtracting ^ from 
each of the indices (which is in effect dividing by the square root of x), 

he will find a?5l -f x' ^ 6, that is, x 4- j;^ = 6, as above j for, a^ = x*, or r, 



4 
and a'^x*. 



H 
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completing, 

6* a^ — b^ fcg 4a»— 46» + 3y _ 4a» — 6» 



extracting the root, x ^ = db ^ — j26 — ' 



J I 4a8_63 



6 I 4a3— 6» 

transposing, . . . . x = -g- ± ^ — J26 — ' 



X 4- a X , 

Ex. 26. Given — ^ 1 — = *. 

X X 4" « 

clearing and chan. sides, 6x^ + ^^"^ = x' + 2a* + a' -f x' i 

transposing, . . (6 — 2) x« + (6 — 2) ax = a* ; 

a« 
-i,by(6 — 2), . . . g' + fl J = ^ _ 2 ' 

completing, 

a« o« a2 _ 4a« + (6 -— 2) a' _ a^ /< ^ + 2 >w 

x« + a* + — = YZIT + T •" 4^6 — 2) — 4 U — 2y 



a |aV*4-2>v al 6-f 2 

extracting the root, « 4. - = ± ^ — y^^^:^) = ± Y >l T32" ' 



.-. X = — Y ± yn 6 — 2 "" 2 ( ^>l6 — 2^ 

Ex. 27. Given Va + x +n/ 64-x = >/a + 6 + 2a?. 
Squaring, a + x + 2 N/(a + «) (6 + x) + 6 -f- a? = a + 6 + 2«; 
cancelling a -f 6 + 2a?,. .2 >/(a + x) (6 + dp) = 0; 
^ by 2, and squaring, «' -f" «<** + ** H" «^ = 5 
or, transposing, . . x' -f («+*)* = — a^ » 
completing, 
«•+ (a + &) * H 4 — = — a6 H = ; 
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extracting the root, x -< 3 — ^ ± J j-" =: ± — j-" 5 

— (a + *)±(«— ft) L 

and transposing^ r =: r = — «» o' — ^* 



Ex.28. Given Ax \- ^l ;-=x. 



> 



transposing, . . Vx* — 1 ^ jt — v a? — 1 ; 

squaring, ^— Iszrs' — 2^^ x— 1 +*— 1 ; . . . (x* X «'= j?'=i') 

cancelling — 1 and -f-byx, df = x* — 2dpvx — l+lj 

transpo. and ch. signs, a?» — « — 2>/x"--x4-l = 05..(d? =^x) 

extracting the root, . . v x' — x — 1=0$ 

transposing, waF—x = 1 $ 

squaring, «*— x = l; 

1 J 5 

completing, . . . x' — *+-r^^^"^"'r^1"' 



extracting the root, 



transposing. 



• a • 



■ 


1 5 


± 


^/6 
2 


• 


1± v'J 
•= 2 • 






a 


?2 + «^'=0. 
X — 5 







Ex. 29. Given 

Clear, and transpo., . a^ — 5a? := 12 + 8*^*5 
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adding x, . . . x^ — 4x=124-8va?-f-*; 
mpleting, . . x^ — 4* + 4 := 16 -|- 8 ^/IF + xj 



CO 



extracting the root, x — 2 = "s/l64-8>/« -|-«=4-|- >/x" ; 
transposing, , . . . x — v x = 6 j 

completing, . . x — vx-|---- = 6 + ---^ — ; 

1 1 25 5 

extracting the root, Vx — ---=±1— -=r±---; 

/— 1 ± 5 

transposing, . . . w x = — - — = 3, or — 2 ; 

squaring, x = 9, or 4. 

Ex. 30. Given x -{■ ,y x : x — »y x r 3 ^ a -\- 6 : 2 ,y x, 
X Extremes and means, 2 n/T (a? + W) = (3 ^ x -f 6) (a? — n/T) ; 
-r- by ^ a', . 2 (x + n/T) = (3 n/IT + 6) (>/T — 1) ; 
that is, 2x + 2 s/V = 3x + 6 s/'x — 3 ^/^ — 6; 

transpo. and changing signs, x -{- v x = 6 ; 

completing, . . . . x -f- n/ x" ^ = — ; 

. X 5 

extracting the root, . . v x H ^ ± — } 

transposing, . . . >/ x = ^ ■ = 2, or — 3 j 

squaring, x = 4, or 9. 



QUADRATIC SQUATIONB. 77 

Page 107. 
Ex. 6. Given (2a -f- 6)^ ^ (2« -|- 6)^ = 6. 
by putting (2a + 6)* s y«, the equation becomeii 

26 
completing, .... y« + y + J=:_j 

extracting the root, . . . y + | =s ± -3- ; 

.-. y= ^ =2, or — 3} 

and, ^/2af -f 6 (=y*)=4, or;_9; 

squaring, 2d7 + ^ = 10> or 81 ; 

transposing, 8«=sl0, or 75; 

.-. Of 3=5, or 37£. 



i— = -^ + — ^ 

(2« — 4)« 8 ^(2x — 4)*' 



Ex. 6. GlTen ^r rrz = -^ + T^ 

- — 4>« 8 ^r2x — 



substitating y^ for — -r-r * ^^ ^^^ hK^e^ by transposing and changing 

^2x — 4^* 

8igM» 2^ — y=— -g-J 

-^^«' ^-i=-]i' 

completing, . 5f»— — y + — = — — + ~= 0; 
extracting the root^ . . . y — --• =s ; 



••• 3/ = -j-» 



1 

h2 



*5 



QUADSJkTIC SQCATTOXS. 



i.*a. 



fxtnjti:^ tbe rooC, 



1 


4/= 


=jr>: 


1 

""4 ' 




I 


=± 


1 


* ix 


— 4" 


2 ' 



clearla^ ±x — 4^ ±2; 



Ex. 7. 



Gnen ax*—— +392=0. 



s 
5^ 



tiazispo. and changing sUxis, - - — 3^ ^ 592 ; 



9 



I 6 i 11S4 

X — • — jr = 

o 6 



cofflpletingy 



^_ 



-1 J 9 _ ^^^ g _ 5929 
5 '*'25"' 5 '''25"'2a' 



4 3 

pxtractiiig the root, ^ :- = + 



r5929__ 
25 



77 



. .(a' = v^x^) 



.J 3 ± 77 ,^ 74 
.*. Jr* = :: = 16, or 



then, i^ = 16 "I f J 

x* = 2 > or < ;p4 



74 



74>,s 



1 = 8 



^* = 



(- ") 

(-t)' 



Ex.8. Given (i- + 12)* = 6 — (x -f 12)^ 

iubstitatlng y* for (x + 12)* and y for (x + 12)*, we have, by trans- 
poiing, y* 4- 3^ = 6; 
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I 1 25 

completing, . . . y' + y-j =6 + -— = — ; 

4 4 4 

1 I OK K 

extracting the root, y + Y^^^T^^T' 

— 1 ± 5 
••• y= 5 =2, or —3; 



and, (jf -f- 12)* (=y«) = 4, or 9 ; 
squaring, . . . . « + 12 = 16, or 81 j 
transposing, . . . . x = 4, or 69. 



•Ex.9. Given » = — I 



a 



clearing, V«*— a*=roxj 

squaring, «< — o* = a»««; 

transpo. and compl., x* — a' «« -|- — := a« -^ ?L ^ ^"* . 



extracting the root, *2 — - = ± J_£2l -. ^ "W^ . 



transposing, .... ya — " =fc " >/^ . 

2 



extracting the root. 



Ex. 10. 



A 2 =±« V 3 



Given J— x=:56j? *, or ^. (Alg. p. 38.) 

X by**, a?5— J = 56j (x = x2) 

completing, . . x^^^Ia = 56 4- — =: 



225 
4 » 4 — "4-; 
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il I 225 \S 3 S 

v,*.*«ww*w6 t»w »www, - — — = ± J — - = ± — ; . . . (x'= /^l') 



x'= 5 =8, or — 7. 



Then, a?»= 8, or —7; 

d?3=:64, or 49; 

0? = 4, or v49. 

Ex. 1 1. Given 3ar» + «^ — • 3104 a?^ = 0. 
-J-byx*, 3x* + J— 3104=0; .... (x« = a^) 

. « I . ** 3104 
transposing and -f- by 3, «3 -f — - =s — -— ; 



J , a8 1 3104 . 1 37249 
completing, . . .4+ _. ^. ^= __ + ^ = __j 



fi 1 137249 193 s s 

extracting the root, a?5 + — = ± ^— g^- = ± -g-; . (.«« = V**) 



... J=:Zli±-i?£ = 32,or-324, 

S 97 

Then, x^ == 32, or — 32^ = — ~ j 

.*= 2,or(-?y 

x=(2)« = 64. or(-y)l 

Ex. }2. Given [(2x + 1 )« + a-]* — x = 90 -f- (2x + 1 )«. 
transposing, [(2a? + 1 )• + «•]*, = 90 -f- (2a? + 1 )» + x ; 

substituting y* for [(2x + 1)« + «]«, andy for (2« + 1)« -f- xj we have, 
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by transposition, . . . ^' — y = 90 ; 

I 1 361 

completing, . . . y« — y-f— =sOO + y = -j- J 

extracting the root, . . y ^ ± -r- j 

1 ± 19 
.-. y = — - — = 10, or —9. 

that is, (2* + 1)» + a? (=r y) = 10, or ^ 9 ; 
or, 4x» + 4j + 1 -f X ^ 10, or — 9 ; 

transposing, . . . 4«* + 5x = 9, or — 10; 

-r- bj 4, and completing, 

5x 26 .9 . 25 169. . 5 . 26 135 



s» 



+ T + 64=(T + 64 = -6r>'^'(-T+64 = -"6r>' 

5 13 >/— J35 



extracting the root, * + -5- = ± -r-, or ± , 

B B B 

— 5±13 , ^, — 5± n/— 135 
... , = _ = 1, or — 2ij or x = g 



QUESTIONS PRODUCING QUADRATIC EQUATIONS INVOLVING BUT ONE 

UNKNOWN QUANTITY. 

Page 115. 

£x. 7. Let X be the less, and the greater will be 14 — x. 

Then, 4x»=18 (14 — *); 
transposing, .... 4a?* + 18x = 252 ; 

o . 18 .81 «« . 81 108» 
-f. by 4, and compL, * + 4- * + Jq = 63 + ~ = -^; 
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9 I 1089 33 

extracting the root, ar -f — - = ± >J -jg- = ± f 5 

— 94.33 _ 
.'. the positive value of x,\8a^ ^ o> 

and 14 — « = 8. 

Ex. 8. Let X be one part, the other will be 48 — x. 
then, hy question, . . a? (48 — a?) = 432 ; 
ch. signs, und compl. xa — 48« + (24)* = — 432 + 576 = 144 j 

extracting the root, , . x — 24 = ± 12 j 

.•. X = 36, or 12. 

and consequently, 48 — a? =12 or 36. 
Ex. 9. Let X be one part, and 24 — * will be the other. 
Then by question, a? (24 — *) = 35 {a? — (24 — «) } ; 
or, ... — a?«-|-24x = 35a? — 840 + 35x; 
transpo. and ch. signs, «* + 46a: ^ 840 ; 
completing, a^ + 46* + (23 )« = 840 + 529 = 1369 ; 
extracting the root, . . x + 23 ^ ± 37 ; 

.«. a = 14, 
and 24 — « = 10. 

Ex. 10. Let X be the number. 
Then, by question, . . x — n/ j? = 48i ; 
completing, . . . • x — Vd?4-J^49; 

extracting the root, . . . v x — i ^ ± T" } 

/— 15 13 

.•. V X = i ± 7 = y, or — y; 
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825 169 

squaring, . . « = — j— = ^®i» <*' "4"= ^^i* 

Ex. 11. Let J be the second, then by rerening the proportion^ we 

haye 

16 : X :: * : Y^ = the first number ; 

and, by question, . . — +«« = 225j 

clearing, .... x* +256*' = 57600; 
completing, . . «^ + 256^ + (128)* = 73084; 
extracting the root, . x* + 128 = ± 272 ; 
transposing, . . . x« = 144, or —400; 

extracting the root, . x =: 12, or >/ — 400 ; 

hence. — ^ = 9. 

* 16 16 

72 
Ex. 12. Let j: be the number, then — / will be the price of each. 

Now, increasing the number by 6, and diminishing tlie price of each 
by 1/, should produce the same sum, therefore, we shall have 

'72 



(x + 6)(--l) = 72: 



432 
thatis, . . . . 72 — *H 6 = 72; 

X 

clear, and transpo., — x* — 6x ^ — 432 ; 

ch. signs, and compl., x* -f 6x + 9 ^ 432 -}- 9 = 441 ; 

extracting the root, . . . d? -}- 3 := ± 21 ; 

and — s=4. 

X 
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Ex. 1 3. Let the cost price be jc pounds, and the gain will be 39 — x; 

then, 100 : x :: x : 39 — x ; 
X extremes and means^ <r^ s= 3900 — lOOx ; 
transpo. and compl., x' -f- lOOx -f (50)* = 6400 ; 
extracting the root, . . a? + 50 =: ± 80 ; 
consequently, a? = 30. 

Ex. 14. Let X be one of the numbers of coins, and the other will be 
24 — x; then, as each coin is worth as many pence as there are coins 
of the other kind, we have 

X (24— x) + (24 — x)x=18*., or 218 pence; 

-r- by 2, and ch. signs, x' — 24x = — 108; 

completing, . . . . x'^ — 24x -|- 1 44 = 38 ; 

extracting the root, . . . x — 12 ^ 6 ; 

.-. x = 18; 
then, 24 — ^ = 6. 

Ex. 15. Suppose B (second traveller) travels x days, then A (first 

traveller) will have travelled x -\- 5 days ; hence, the distance gone by 

(x 4- 5^ 
A will be (j: + 6) ^ ^ ^ (Art. 71, Theor, 5.), and the distance 

gone by B will be 12^ miles; but as they have both reached the same 
point, we shall have 

(x + 6)-^ll=12^; 

or, clearing, . . . x« -f- 1 Ix + 30 = 24i ; 

transpo. and compl., . «' — 13x + C-r-y = — 30 H -— = — ; 
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13 7 

extracting the root, . . x 5- = ± — » 

.*. « = — =— = 10, or 3. 
2 

This result shows that B will come up to A after tra?elliiig 3 days, 
or 36 miles; he will then pass him, and keep in advance till the 10th 
day, when he will be overtaken by A, who will theooeforth continue 
before him. 

Ex. 16. Suppose %x one number. 

By question, . . 2 : 3 :: 2jr : 3x = the other number. 

Sum X by product, ^9 x 0«* = 12 (Q^*— 4d^), or 60x*; 

that is, 30»» = 60«« 5 

-r-by30jf*, x = 2. 

.*. 2x = 4, and 3x = 0. 

Ex. 17. Let jr = the left-hand digit. 

Then, since ) of his age = g^t we have 
ba^ = his age ; 

and, as the age is equal to 10 times the sum of the two digits, we have 

5^ _ 10^ = the right-hand digit ; 

hence, the two digits are j:, and 5** — lOx, whose sum is 5*' — 9jr ; 

and by question, 10 {&o^ — 9x), that is, 60a* -— 90j7 = 5** ; 

-7- by X, and transposing, 45x = 90 ; 

.*. d7 = 2; 

whence 5x* — 10.r = ; 
consequently, the number is 20. 
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Ex. 18. Let X = A's capital, 

Then 26 — j = A*s gain, 

and a: — 8 = B's gain. . . [=18 — (26 — j)]. 

.-. 12^:480 ::2(J — a?:*— 8; . . (30 X 16 = 480) 
-r Ist and 2d terms by 12, « : 40 :: 26 — x : <r — 8, (Art. 68.) 
X extremes and means, x^ — 80? = 1040 — 40d? ; 
transpo. and compl., x' -f 32x + (16)* = 1296 ; 
extracting the root, . . x -f 16 = ± 36 ; 

.'. X = 20. 

Ex. 19. Suppose A*s stock was x pounds, then B's was £416 — x ; 

also A's gain, 228 — x, and B's, 252 — (416 — a?) = j?— 164. 

.% 9x : 2496 — 6x :: 228 — a? : x — 164 ; 

-r- Ist and 2(1 terms by 3, 3d? : 832 — 2j? :: 228 — a* : x — 164 ; 

X extremes and means, 3x* — 492x = 1 89696 — 1288x + 2x* ; 

transpo. and compl., x^ + 796x + (398)* = 348100 ; 

extracting the root, . . x -f 398 = ± 590 ; 

.•. a? = 192 ; 
then, 416 — a? = 224. 

Ex. 20. Let X yards be the breaddi ; the lengA will be x + 16. 

Then, x (x + 16) =960; 

completing, . . . x* -f- 16d7 + 64 = 1024 ; 

extracting the root, . x + S = ± 32 ; 

.•. X = 24 ; 
and X 4-16 = 40. 
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£x. 21. Let X inches be the width of the frame; then 18 + 2t ss 
length, and 12 + 2jr = height. But, as the frame is to be equal in 
sur&ce to the glass (which is 12 x 18 = 216); we shall have for the 
whole sur^e of both, 

(18 -f 2«) (12 + 2«) = 432 ; (=: twice surfttce of the gland) 
that is, 216 + 60x + 4«» = 432 ; 
transposing, . . . . 4jr' +60x = 216; 
adding (16)«t, 4ar« + 60r + (15)« = 216 + (16)« = 441 ; 
extracting the root, . 22 -f 15 = ± 21 ; 

.•.. = -=3. 

£x 22. Here, we will suppose the hypothenuse to be x ; then, as 
the square of the hypothenuse is equal to the sum of the squares of the 
sides in a right-angled triangle, we shall have 

««=(« — 6)«-|-(*-.3)*; 
or «« = 2j;«— 18* +45; 
transpo. and ch. sig^s, «* — 18x == — 45 ; 

completing, • . . «*~18x + 81 = 36; 
extracting the root, » — 9 = ±6; 

.-. OB = 15. 

Consequently, * — 6 =9, and x — 3 = 12. 



t The student will remark that the first two terms of this equation are 
the same as would hare arisen from the equation c^ -f \5x ^ 54, being 
multiplied by 4, according to the method taken from the Bija Ganita (see 
Alg. p. 108.) ; consequently, the addition of (15)' completes the square. 
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Ex. 23. Here, let x = the first number. 
15 — j: = second, 
15— jr + 36 = third; 

then, since the product of the extremes = the square of the mean, 
we have 

a?(J5 — x + 36) = (15— «)•; 

or, —«* + 51a? = 225 — 300?+ d?*; 

transpo. and eh. signs, 2x' — Slo? = — 225 ; 

' ^. ^ A I a *1 . /8K, 225 , ^81x, 4761 
H-by 2, and compl., i^- - «^ + (^_j« = — -\. (_^« = -^ ; 

extracting the root, x — ^ ± — -; 

4 4 

81 4-69 
... X = ^ ^3, or 37 J. 

Consequently, 15 — x=12, and 51 — a? =48. 

£x. 24. Let x denote the number of seconds. 
Then, \^ : x'^ i\ 16^ : 16^jr^ ^ the whole space passed through ; 

and, 1* : (j: — 1)« :: 16^ : 16^ (jt — 1)* = the space passed through 
previously to the last second; hence, by question 

^^3,«_^(,«_2^ + l) = 505. 



12 12 

12 7140 

Xby— .. . . ,»_a.+2._l = -^; 

7140 7333 

and, by transposition, 2j = -^ + 1 = -j^; 

7333 

.*. * = • 

386 

. .,«, o 1»3 53772889 10378167577 ,^^., , 

And 16JL«* = X = = 5804* feet. 

^ 12 148996 1787952 «'o" I <ccu 
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OW QUADRATICS INVOLVIliO TWO UNKNOWN QUANTITIES. 

When one of the given Equations is in the form of a Simple Equation. 

Page 120. 



Ex. 6. Given 






From the first equation we have x ^ 2^*^ and^ by substitution in 

the second, r ^ =: 5 • 

clewing, 2^— y=15; 

X by (4 X 2), and comia., 16y« — 8y + 1 = 121 j . . . (Art. 90) 
extracting the root, ..4y — 1=:±11; 

... y = — _ — = 3, or — 2i. 

4 

And x(= 2y») = 18, or 12 J. 

C «+4y = 14, 

Ex. 7. Given < 

ty« — 2y + 4*=ll. 

2dEq y» — 2yH-4r=sll 

IstEq. X4, 16y+4x = d6 



subtracting, . . . • y' — 18y = — 46 
completing, .... y* — 18y -{-81^36$ 
extracting the root, . • . . y— 9:=±6; 

••• y =r 15, or 3. 
And :r(=:14 — 4y)ss — 46, or 2. 



I 2 
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Ex. 8. GiYen 

2dEq. X4, 2a?y + 4y« = 240 

IstEq. xy. . . . . 2ay+ y» = 22y 



subtracting, 3j^ = 240 — 22y; 

transpo., and X by (4 x 3), 36y» + 264y = 2880 ; . . . (Art. 90) 

completing, . . . 36y^ + 2642/ + (22)'= 3364; 

extracting the root, • . 6y + 22 = ±58; 

— 22 + 58 
.•• y = ^ — =6, or — 131. 

22— V 
Hence, «(= — --^)=8, or 17}. 



^ x=15-f y, 
Ex. 9. Given 

i «iS = 

2 



rx=154. 

1.8— "y 

13^ = 2- 



X . 15+y 

2d Eq. -f- by y, y" = y* o^f substituting, y» = — ^ ; 

clearing, and transpo., . . 2y*— y=16; 
X by (4 X 2), and compl., 16y«— 8y + 1 = 121 j 
extracting the root, . . 4y — 1 = ± 11 j 

.'. y = 3, or — 2^. 
Consequently, » (= 15 +y) =s 18, or 12J. 

x-fSy— 16, 



[ 



Ex.10. Given ^ _ « , . , .^ 

From first equation^ we have j: = 16 *- Sy; and substituting in the 
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second, .... SOy* — 256y-f 768ss — 18; 

transpo. and -7- by 20, y« — ?1 y s-. — *^^ 



6 ^ 6 » 

®*„ . i^32x, 105 . x32x. 49 



ccp^, ^-^3,+Q, = _-+(^»«, 



extracting the root, . . « — Zf-s + JL; 

••• y=5, or 7|. 
And * (= 16 — 3y) s= 1, or — 7|. 

Ex.11. Gi.en(* + ^^'-^-"^''^'' 

X Extremes and means, IBx — 13y =z6x-\-5y', 

transposing, 8«=sl8y; 

9 



9 
Substitating in second, y*-\ y = 25; 

completiiig, . . ,« + l5,+ (|.). = g^. 

9 41 

extracting the root, . • y + — = ± — • 

n 8 

.'. y=4, or —6^. 

9 
Whence ^ (= — y) = 9, or — 14^. 



x^ . 4a 85 
Ex. 12. Given 



{ar 4^ 85 
X — y=:2. 
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Here, the left side of the first equation has the foim of the first two 
terms of a square; therefore, we have, hy completing, 



(f> + Kf) + ^- 



121 



X 11 

extracting the root, . . \- ^ ^ ±. — » 

X — 6±11 6 \t 



• • 



And substituting in this the value of x, given by the second equation, 
that is, jr =: 2 4- ^9 ^c have 

2+y 5 IT 

clear, and transpo., 2y = 6 ^ C — SOy = 6, 

.-. y = 33 C ' .•.y = — 'ft; . 

and 4P (= 2 + y) = 5, or l^J,. 

Particular Examples. 
Page 130. 

Ex. 1. Let X and y be the two numbers. 
Then, x + y = 24, 

x« + y« = 306; 

Ist Eq. squared, . . d?« -f- 2«y + y* = 576 
2dEq a?* +y» = 306 



by subtraction, . . . 2x3^ = 270 ; and subtracting this 

from 2d Eq., . . . x« +y« = 306. 



we 



have, .... X*— 2jpy+y*= 36; 
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extracting the root, .... x — y=s:i:6 
IstEq x4-y= 24 

by adding, 2j? = 30, or 18} 

.*. K^ 15, or 9; 

by sabtractingy ...... 2^^^ 18, or 30; 

.*. y s= 9, or 15. 

£x. 2. Let X and y be the numbers; then we shall have 

*+y= 27, 

«» + y»=r4941; 
and patting x = « -{- 1, and y ^ « — z, we have, by adding, 

»+y = 2# = 2T; 
also, «» = #• + Sxh + 3«« + «*, 
and y* =s«» — 3A + 3n« — t*; 

by adding, . «»-fy'=2j» -f 6#*« =s4941;. . (2d Eq.) 

transpoHing, . . . 6#af*=4941--2*»; 

, 4041 — 2*» 

^_4941 729 _ 549 248 _ 4 _ 1 
that w, I — g^ 12 ~* 9 4 ~ 35 ^ 4 * 

hence, x = |. 
Conseqaently, x (= « + ^> ^^^ is? V + i) = 14 > and y (= « •* 2) = 13. 

Ex. 3. Let 8 represent half the sum of the numbers, and z half their 
difference; then the numbers will be 

« + y, and « — s ; 



94 QUADRATIC EQUATIONS. 

and putting m = 2657, we shall have 

but (*+«)* = *< 4- 4A 4- 6*2s« -f 4#E» + 8* 
and (8 — z)* = ** — . 4 A + 6«*s« — 4*s» + 2* 



.-.adding, . . 2** + 12*«s» 4-2«*=w, 

transposing, . . . 2»* + 12**s» = to — 2**; 



or, 2* 4- . 6j*2?«= ^ — #*; 



m 



completing, . . a* -|. 6«»«a + 0** = — - — «« -|- 0*« ; 

2 

extracting the root, 



.' + 3«'=±J|-.« + 9,« = ±J|. + 8^; 



transpo. and extr. root, « = J 3s» ± I — -L 8#* • 

but, by restoring the values of # ^ — , and m = 2657, we have 

2 



hence, # -f s r= — - — )='''> and « — s ^= — F~~^ = ^• 

Ex. 4. Let the numbers be s 4- a: and s — z; 
and putting m := 17050, we shall have 

(#4.s)»4.(* — «)* = m; 

now, developing the powers in the first side, we have 
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(* — 0* = «* •— 5**» 4- 10*>«« — 10A» -f- 5«* — «» 



95 



.'. adding, . 2^ 



-h 20*»£» 



-f 10*1* = >w ; 



transposing, . . . lp«* -f-20A*=:m — 2g*i 



completing, ..,«*-}- 2A» + #*^-- + **; 



extracting the root, »' 4- ** = ± ^ r:; h ** ; 

' N 10* 6 



transposing and extracting root, 



z 



= >|~**± ^1 ^— ^ + ** = >/— 25 ±29 = >/T=2. . {* = 5) 



hence, « -^ z := 7, and * — z =: 3. 

£x. 5. Let X and ^ be the two numbers. 

Then, x+y= 4T = #; 
xy = 546 ^ p ; 

squaring 1st Eq. . . a?* -f 2xy + y* = *» j 
2d Eq. X 2, ... 2xif = 2p ; 



subtracting, . 



. . . «« -|-y«=:*«— 2p; 

that is, i»+y« = 2200 — 1092 = 1117. 



Ex. 6. Let X and y be the numbers. 

Then, x+y = 20 = *; 
ay =99=p; 
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squaring Ist Eq., . . a?' -f- 2ay -|- y* = ** 5 
2d Eq. X 2, . . . . 2xy = 2p ; 



Subtracting, . . . . x^ 4-y' = ** — 2p; . . . (A) 

X by (a? -f y), . 0?^ 4- xV -f- «y* + y'* = («* — 2;>) *; . . (* =sx + y) 

or, «3 + p* -f 3/5 = *« — 2|)*; . (p* = xV + 'y') 
transposing, . . . . x^ -\-t/^z=s^ — 3p* ; 

that is, x3 4- y3 = 8000 — 5940 = 2060. 

Ex. 7. Let the numbers be x and y. 

Then, x -|- y = 19 = * ; 
xy ^ 78 =s p. 
By proceeding as in last example, we find 

x^ -f" y' = ^^ — 3p* ; 
X by(j? + y), , x*-\- 0^1/ + ayS -|- y* = (*« — 3p«) * ; . (* = «-f y) 
•that is, X* + p («* — 2p) + y* = ** — Sps*-, 
and transposing, . . x*+y*=** — ^ps^'\-2pK 

that is, X* + y* = 130321 — 112632 + 12168 = 29857. 

• Here we have substituted p (s'^ — 2p) for x^y -j- ^^f ^^t ^^^ learner 
will easily perceive that these two quantities are equal; for, in the preceding 
Example, we have by the equation (A) 

** ~h y* = «' — 2p ; 
and, xy =:p 



hence, by multiplication, x^y -|- xy^:=p («• — 2p) 
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When hoth Equathm have a Quadratic form. 

Page 134. 

£x. 3. Given < 

By substituting zy for Xy the equations become 

«y + «y»,or(j»+«)y"=12j 

«y" — V>or(2 — 2)y«= 1; 
from the first equation we have 

and fix>m the second, 

y«=— L-; ... (A) 



consequently! 



t--2 
12 1 



clearing, .... •J2« — 24 = i*-|-«» 
transpo. and eh. signs, . s' — 1 1 z = — 24 ; 

completing, . . 2'— 11«+ ^— ^«== ~; 

extracting the root, • . « — -— = ± —-; 

2 2 

.*. 2 = 8, or 3. 
Hence ( A), y» C= ^ITj) = T' ^' ^ ' 

* Or, this value may be obtained immediately by dividing one of tlie 

(»*4-2) y* 12 
preceding equations by the other, thus: — -r — 5 ^ -—, that is, 

\ /If 
— -^ = 1 2, and then clearing. This method will also apply to the two 

following examples. 



98 



Ex.4. 



QUADRATIC EQUATIOKS. 

1 
.•.y=±— -, or ±1. 

and a (=zzt/) = ± -— -, or ± 3. 

V o 

r3*«4- ay= 68, 
Given < 



Let X = zy, and the equations Will be 

3zY + jya, or (3*9 + y* = 68 ; 

V + 3«/, or (4+3s)y« = 160; 

from the first of these we obtain 

__ 68 
^""3?+l5 • • • (A) 

and from the second^ 

, 160 

hence, -7- by 4, . . . ^"^ — ^ . 

3s» + t-4 4-3z' 

clearing, .... ^8 + 61j = 120s» + 40«; 

transpo. and ch. signs, 1 202» — 1 U =s 68 ; 

X by 4 times coeff., 67600«9— d280x = 32640 ; 

compleUng, , . 57600s*— 5280« + 121 = 32T61 ; 

extracting the root, . 240s — 11 = ± 181 ; 

_ 11 ±181 192 170 4 17 

•'• *- 240 =l40r' °'- 240'*^***V» ^' - 24- 

whence (Eq. B), y (= J"!^) = ± 5, or ± J"^= ± V^ 

(which latter is obtained by X num. and den. of preceding fraction by 3) 

«ndx(=zy)=±4, or tH^. 

72 
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Ex. 5. Given < 

(^2iy — 3y« — *> = — 0. 

By putting zy for x in these equations^ we have 

2«y — 32!y« 4- y», or(2s« — 3« + l)y = 4; 

2sy*— .3y»— iy,or(2» — 3— i»)y» = — 9; 

from the first of which we obtain 

4 

^'~22«-3s + l' • • • C^) 
and from the second, 

^ 2s— 3— 4«' 
4 —0 



2««— 3»4-l 2« — 3 — «•• 
clearing, . . 82 — 12 — 4i;*=— .18t*4.2Tj — 0; 
transposing, .... 14s*-. 10s = 3} 
X 4 times coeff.^ . 784s* — 1064s =5 168 ; 
completing, . . T848« — 1064s -|. 361 = 520 ; 
extracting the root, . . 28^; t- 10 = ± 23 ; 

10 ± 23 3 1 

•*• * = = — 1 or — — : 

28 2 ' 7 



whence(Eq.A),y(=J2-_i~p^)=±2, orJ^=±4=. 



6 . 1 J V 

8 



and ^(=zy)= ± - = ± 3} or -- x ± ;y= = :?: ;y=. 



MISCELLANEOUS EXAMPLES, 

To which the preceding Methods do not immediately apply. 

Page 139. 



Ex. 6. Given 
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or, «(«4.1) = --; 

*> + 1 18 3 ^ X*— « 4-1 3 
consequenUy, we have ^ = — = —;• that is, = ~ ; 

3 

then, X by jr, .... a* — x •\-l^-—i'y 

or, transposing) • . . . x* o"*^^ — '» 

5 ^ 6 \ 

and completing, . . *« — — x -f ^— ja = — ; 

5 3 

extracting the root, , • x — = ± — ; 

whence, xr=2, or ---• 

2 

And, substituting in the second equation, we have 

(2^=zx^) . . . 8y+y, that is, 9y=18; .-. y = 2; or 

(y)' = *'). • -i-y+y = Yy=l8, and 0y = 144; .-.^ = 16. 

r «« -f 4y« = 256 — 4*y, 

Ex. 7. Given < . . 

^4jr* — a^= 64. 

1 st Eq. tranapo. . , a:» + 4yx + 4y* = 256 ; 
extracting the root, • , x-|-2y:=±16; 

.'. xz=± 16— 2y. 



18 

• The learner will recollect (Art. 34,) that — =— x ^ = -i^ 

^ '^ 12 y 12 ]2jf 

y 

18 3 
== — = —; and also, that the numerator and denominator of the fraction 

12 2 

x^ 4- 1 1* — x4- 1 

-, divided by x + 1> will become 



a(x+l)' ^ . ' ^ 
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And SttbsdtutiDg this value in the second equation, we have 

4y»— (±1« — 2y)« = 645 
thatis, ±64y— 256s364i 
or, ± d4y=s320; 

hence, « (= ± 10 — 2y} = ± 6. 

CC^ + y*) X («-y) = 61, 
Ex. 8. Given < 

t«'+y'+*=^20+y. 

51 

FromUtEq. . . . iP«+y»= ; , . . (A) 

« — y 

and from 2d, ... 4^ -f-y* = 20 +y — r. 

Hence, equating these two values of jr* + y*, we have 

51 
=20 4-jr— a!, or 20— («— y); 

clearing, .... 51=20(^ — y) — (x — y)*j 

or, («— y)« — 20 (« - y) = — 51 J 

completing, . {a — y)« — 20 (a? — y) + 100 = 49 ; 

extracting the root, . (a? — y) — 10 = ± 7 ; 

.*. ff — y=il7, or3 . • . (B) 

Substituting these values of 4: — y in (A), we have 

x^ + ^ss 3, or 17; . . . (C) 

Eq. (B)8quared . . «» — 2ay +y«=:280, or 0; 

subtracting, ... 2ay = — 286, or 8; 

adding Eq. (C), . . «^ + y'= S, or 17 



> * * 



a!*-+-2^4-y'= — 283, or 25 j 

k2 
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extracting the root, . a? + y = ± v — 283 > or ± 5- 

But, Eq. (B) , . OP — y = IT, or 3 

.-.adding. ... 2a? = 17 ± *s/ — 283 ; or 8, or — 2. 

IT ± *s/—2H3 

.'. I s= ; or 4, or — 1; 

2 

and subtracting the same, 2y = — IT ±'s/ — 283 ; or S, or — 8. 

— IT ± n/— 283 
.*. y := '■ J or 1 , or — 4. 



QUESTIONS PRODUCING QUADRATIC EQUATIt)NS INVOLVING 

TWO UNKNOWN QUANTITIES. 

Page 145. 

Ex. 7. Let X be the greater, and y the less. 

Then, («-f y) «= 144; 

(* — y)y= 14; 
by substituting sn/ for x, tlie equations become changed into 

*V + ^y*t or («' + «) y* = 144 ; 
zy*— y', or (z — l)y« = 14 ; 

144 



from the first of which, • y^ = 



s« + s ' 



and from the «cond,. . y. = -ii-, . . . (A) 

s — 1 

Consequently, -^-; — ss — ; 

i" + X z — 1 

clearing, . . • • 144r — 144 =14«*4.U», 
transpo. and ch. signs, 1 4s* — 130z = — 1 44 ; 
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or, -T- by 2, . . . tj«— 65s=:— t2; 
X by (4 X t), . . 106z9— 1820x = — 2016; 
completiDg> . . . 196;s> — 18202 + Ce5)>ss2200; 
extracting the root, . 14z — 65 ^ ± 47 $ 

65 ±47 ^ 9 

, = —^- = 8, or-. 

Hence (A), y« (= -^^^ = 2, or 40 ; 

.-. y=>/2", or ± 7; 
and a? (= ly) = 8^>/T, or ± 9. 
Ex. 8. Let X be the left-hand digit, and^ the other, then, by question, 

we have -^ = 2, and IOj: + v + 27 = lOy + x, 

xy 

Clearing Ist £q. • . . \^x-\'y^^xy\ 
transpo. in 2d Eq. . . 0* — 0y = — 2T , 



^ I 



9v — 27 

Substituting this value in the first equation^ we have 

lOy — 30+y = 2y«— 6y; 
transpo. and ch. signs, 2^ — 1 73^ = — 30 ; 
X by (4x2),. . 16y«— 136y = — 240| 
completing, . . 16y» — 136y + (17)» s 40 ^ 

extracting the root, . • 4y — 17 s= ± 7 ; 

.•. y =2 6, or I : 
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andi(=y — 3) =8; 
consequently, the number is 36. 

Ex. 9. Let j: shillings be the price of the mace per Ib.^ 

and y cloves .... 

Then, 80x + lOOj/ = 1300 shill (A) 

400 
also, for £20 or 400 shill. he sells lb. of cloves, 

. . r. 200 ,^ ^ 
and for £10 or 200« lb. of mace; 

X 

400 ,_ 200 ,„. 

.'. by question, • . 60^= j . . . {d) 

y X 

Eq. ( A) -r by 20, . . . 4a?-j-5y = 66; 

-* = 4 

20 „ 10 
Eq. (B) -^ by 20, . . --3=-; 

and, by clearing, . . . 20a? — 3 jy = lOy } 

or, substituting for x the value found above, we have 

195w— 15y^ ,^ 
325 — 25y 2_ — i. = 10y; 

clear, and transpO. . . 16y* — 335sf = — 1300 ; 
or,^by5, .... 3y« — 67y = — 260 ; 
X by (4 X 8), • . 36y»— 804y + (67)»= 1369; 
extracting the root, . . 6y — 6T = ± 3t ; 

.-. y = = lTi, or 5. 
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Whence x (= $LZ^) — lo. 



£x. 10. Let jr be the first and smallest number ; 

and y second .... 

then 38 — j: — y will be the tliird. 

But by qaeBtion> y — > — 7ss38 — » — y — y\ . . . (A) 
and a?»+y« + (38— ar— y)9=:634j . . . (B) 

transposing £q. (A)> . . . 3y=s45; 

Substituting this value in Equation (B), we have 

«« + 225 + (23 — d?)« = 634 ; 
or, ap*+225 + ^29 — 46« + «* = 6S4; 

transpo. and -T- by 2, . . a* — 23j? = — 60 i 

completing (Art. 90), 4a<s— 02x+ (23)* = 280; 

extracting the root, . . 2<v — 23 =s ± 17 ; 

•*. d* = 20, or 3. 

And, 38— X — 1/ = 3, or 20. 
•*. the numbers are 3, 15, and 20. 



X 

Ex. 1 1 . Let the numbers be — , x and xy^ then, by the question, 

-- + x + «y = 52, 

X 

and 1- xy : X :: 10 : 3 ; 
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X Extr. and means, . . . 3 {-SxyszlOx; . , . (A) 

1st Eq. X 3^ . . . 3 h 3d? -I- dxy = 156 ; 



subtracting, ... — 3r = lOx — 16Q; 

transpo. and ch. signs,. • . I3x=:156; 

.-. «r=12; 

and by substituting this value of x in Eq. (A), we have 

^ + 3dy=120; 

clearing, .... 36 + 36y' = 120y ; 

transpo. and adding *100, 36y' — 120y + 100 = 64 ; 

extracting the root, . . 6y — 10 =s i: 8 ; 

••. y=— — =3. or J. 

Hence, — =4, f =12, and cy=:36. 

Ex. 12. Let the numbers be x and xy. 
Then, ajV^'V""**; 

1st Eq. -r by ^, . . . y=3/* — 1 $ hy transposing, changing signs, 
and compl y' — y-{-^=:|; 

* The addition of (10)' completes the square, since the other terms are 
the same as would have arisen from 3y' — lOy = — 3, multiplied by 
(4X3); see note, page 87 of this Key. 
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extracting the root, . . y— J = ± —A; 



3 

..y g — 



and, by substituting the preceding Talue of y in this equation, we have 



8 
that 






or, 



3± ^/T 



2 



+ 1 =(2 ± >/T)j:— <r; 



2 



^'' 2 = (2±>/T— 1)^. 



or, 



5 ± n/T 



2 

5-f-N/T 



= (l±>/5")*; 






2(1 ±\/T) 
X num. and.. 5 + >/T 



^- X num. ana -v ^ , ,^-r 

> denom. by f , . ^^^ -^-^->zr ^^ 5 ± n/Tt 5 n/ ;^^ 

(.(iq:>/t)3 '2(1±VT) z:;^ 



5 



— 8 ~'*"T~ 



••• *y ( = — 2— X -~ — ) = %SJi_i . 

Ex. 13. Let the numbers be *— • 2y, ;c — y, a*, a? -f y, x + 2y. 
Then, a? — 2y + x— y4.,4-a:+y + , + 2y, or6* = 35. 



.*. a:=:7 J 



and by the question, (x - 2y) (x — y) r (* + y) (, 4, 2y), that is,l 



108 QUESTIONS IK QUADRATIC EQUATIONS. 

x» — 5xy 4- 4xy* = 10305 ; 
or, by substituting the above value of x, 

16807 — 17 I6y« + 28y* = 10395 ; 
transpo. and -r- by 7, 4y* — 245y* = — 916 ; 
completing (Art. 90), 64y* — 3920t/« + (245)»== 45309 ; 
extracting the root, . . . 8y« — 245 = ± 213 ; 

.-. y« = 57i, or 4; 

consequently, y = n/ 57j , or 2. 
Hence, x — 2i/ = 3, x— ^ = 5, «=7, «4-y = 9, and a? 4- 25; = II 

Ex. 14. Let the numbers be — , jr, and xy. 

Then, — + x + ay = 13, 

• y 

and, ( 1- xi/) X = 30 ; 

V 

X 

from 1st Eq f- xy = 13 — x, . . . (A) 

X . 30 

from 2d Eq 1" «y = — 5 

y a? 

30 
consequently, 13 — x = — ; 

clear, and ch. signs, . . x^ — 13x = — 30 ; 
completing (Art. 90), 4x« — 52x + (13)» = 49 ; 
extracting the root, •• • 2x— 13 = ±7; 

.'. x = 10, or 3. 
Substituting this latter value in Equation (A), we have 

± + 3y==10; 

y 

clear, and transpo., . . 3y' — lOy = — 3 j 
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completing (Art 90), 36^ — 120y -f (10)» = 64 ; 
extracting the root, . . 6y — 10= ± 8 } 

••• y = 3, or }. 

Consequently, — = 1, x = 3, xy = 0. 
ist, — =9, d7 = 3, xy=:lt 

y 

Ex. 15. Let X — y and jt -f y be the numbers. 
Then, the arithmetical mean will be < (Art. 71. Theor. 2); 

the geometrical mean .... n/o^ — y* (Art. 74); 

the harmonical mean .... — ^ (Art. 79) ; 

and by the question, >/ir* — t^^ot — 13 (A) 

also, >/?II7=:?fz:^4.12; 

2x 

2jp« — 2y« . , 

clearing, . . . 2x3 -^ 2^^ + 24d? = 2x> — 26x ; 

or, transpo. and ch. signs, • . 2^*= 50x; 

y^z=z26x. 

Then, substituting this value of ^' in £q. (A), we shall have 

^/x* — 25x =x — 13 } 
squaring, . . . a^ — 25x:=x^ — 26x + 169; 

or, by transposition, . . . x = 169. 

whence, (y* = 25x),y= >/4225 = ± 65. 
Consequently, the two numbers are 104, and 234. 
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Ex. 16. Let X be the first number, and y the difference of the first 
and second, then we shall have 

the first = X, 
second = j? -{~ y> 
third=:a? + 2y + 5. 



But, by question, . . . So? + 3y -}' ^ = ^^ > 

3 ^ 

Also, X (a? -f 3/) (x + 2y -I- 5) = 130 ; 

or, by substituting the preceding value of x in this equation, we have 

(5-y)(5)(10 + !/) = »30; 
-r- by 5 and ch. signs, y' + ^y — 50 = — 26 ; 

25 12] 

transpo. and compl., • . 3/' + 5y -f" — = > 

4 4 

5 11 

extracting the root, . . y -f- -5" = ± -5- J 

.'. y=:3. 
Consequently, x (^ 5 — 1/) = 2 : 
and the numbers are 2, 5, and 1 3. 

Ex. 17. Let the circumference of the hind-wheel be x yards, and 
that of the fore-wheel y yards. 

120 
Then, = the number of revolutions of the hind- wheel, 

X 

and = of the fore-wheel ; 

V 

120 120 , ^ 

but, by question, . . ^ + 6 ; 

y X 
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. u « 20 20 

or,-^by6, _=3 — ^1: 

y « 
clearing, 20f =s 20y 4- cy ; 

or, (20— y) jrs=20y; 

• • J? ss ^^ '■ • 
20 — y 

But if the circumference of the hind-wheel be x -j- 1, and that of the 
fore- wheel y + 1, then 

120 

^ the number of revolutions of the hind-wheel. 



x4- 1 



^ 120 
and — —- r= of the fore wheel. 

y + 1 

120 120 

then, by the question, . — r = — r-r- + 4 ; 

y + l a?H-l 

30 30 

or-.by4, .... _pj- = _j-j-+l, 

clearing, . . SOx + 30^30^ -(.ao^-xj^-l-d^-l-y-fl; 
or, by transposition, . (29 -^ y) x =31^ -)- 1 ; 

. Sly + 1 

29— 5f 

^, 31v+l 20y 

Consequently, --^ =: ^^ ; 

^ " 29 — y 20 — y' 

clearing, . . 620y — 3 V + 20 — y =s 580y — 20y« ; 

transpo. and ch. signs, . . 1 ly' — Bdp = 20 ; 

, , 39 . /-39x, 20 , 1521 2401 
^byll,andcompl., y»-- y + (^-j«= - + .jgj.= _ j 
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39 49 

extracting the root, . . . ^ — Sa ~ ^ 22 ' 

5 
.-. y = 4, or — jj- 



20y 
whence x (= ^^ ) =s5. 
^ 20 — y^ 



REDUCTION OF SURDS. 

Problem i. To reduce a Rational Quantity to the 

Form of a Sitrd, 

Page 147. 
Ex.3. Here, (aV)« = a»V«j .«. aV = >/i«V*. 
Ex.4. Here. (J>=|. .•.J = (p*. 

^ /" V ax3 ava va /'a *v a \i 

•or otherwise, (-j=;^, •••~ = Q-)- 
Ex.6. (aiar*)2=JA .*• a^**= (a^o?*)*. 



* See Note in the Algebra, page 7. 
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Problem ii. To reduce Surds expressing different Roots to equivalent 

ones expressing the same Root, 

Page 148. 
Ex. 3. Here the indices, brought to a common denominator, are 

iiandi; hence, 4* and 5* = 4* and 5*= *>/ 255' and 'Vl25 . 

Ex. 4. SVT and 3n/T, or 2 (3)* and 3 (2)* = 2 x 3» and 3 X 2* 

= 2 VTand3?/T. 

Ex. 5. 6^ and 6* = 6* and 6^ =s (1670616)* and (1053125)*. 

Ex. 6. «* and y » = «* and y* s= (x»«)* and (y*)*. 

« 

Problem hi* 7b reduce Surds to their most Simple Forms, 

Page 149. 

Ex. 4. 8 i/loS = 3 V27X 4 =3x3 VT = dVT. 

Ex. 5. N/ax« 4- bixfi = >/*8(a4.6x») = ^n/o+I?, or .r (a + fti^)*. 

Ex. 6. i/6 (a» -f a*A) = >/5a»(l + aA) = a ^5(1 +a6)' 

ora{5(l+a6)}*. 

6)ur(2s of fractional Form. 
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EX.4. «;||-=«ii?=^:l^xi8=|?/i5. 

Ex.5. i.'|1=lJp=4-^ = ±Vl5. 
3N9 3N2T 33 

Ex 6 / ^^ _ / a*Ma_+f) _ N/fl^ (a + x) _ 
^4(a4.x) ^4(a + »)«~ 2(a + j) 

6 / 

2(a + *; V ^ ' 



ADDITION AND SUBTRACTION OF SURDS. 

Page 150. 

Ex.4. i/ld2 = >/64 X 3 = 4 Vj ") , 

r ••• 2 vaT = difference. 
V24 = V8 x3 =2>/T3 



and 



s/io 



Ex.5. 3 JA=3 li? = 3ll^ = ±^A0 

and 2 J :^ = 2 I i- = 2 
NlO NlOO 



>/lO 
10 



and 



4 



=:__^/To') 



87 N81 9 9 I I 

_ V..'.— =diflF. 

1= 1-1= ^ =lN/Ti 

6 N 36 6 6 -^ 



sum, 



Ex. 7 >/24 =s 's/4 X 6 = 2 >/T 

2 n/72 = 2 Vstt X 2 = 2 X 6 >^ = 12 n/T V = *^™" 
and awbx^ss , a* vj". 
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Ex. 8. VfiOO =>/l25X4 = 5 VT") 
and V 108 = V2T X 4 =3V4 3 



sum. 



Ex.9. 3 11=3 li5 = 
N 6 N25 



and2 11=2 1^ = 2 
N JO N 100 



3 V 



'd N36""5 



-J-=- 

6 N 6 



6 30 




11 



.-. ^ %/T = dlff. 
60 



Ex 



.11. 6>/20 =5 >/4 X 5=10>/T") ,__ 
and 3 V45 =3 V9 x 5 =s9 vT 3 



Ex. 12. >/27 

n/48 

4^/l47 

aDd 3 */t6 



: VO X 3 ; 
>/l6 X 3 
;4>/49 X3 
3n/26x"3 




.«. 50>/8 = 
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I . * %/io=diff. 
^ = i-^/^oj ' 



sum. 



MULTIPLICATION AND DIVISION OF SURDS. 



Page 151. 



Ex. 3. 






N2T 



= 6 
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Ex. 6. 4 (3)4 X 3 (4)i = 4 (3)* X 3 (4)* = 12?/(3)» X (4)* 



= 12^432. 



i 



4(32)^^^ W« .^>^i^ . 3^^^ 



= 2 (8)^= 2 (2«)J = 2 (2)* == 2 (2)* or 2 ^ 2. 
Ex. 7. 6a* X 3a* = fia* X 3a^ = 15a* or 15 Va*^. 
Ex.8. 2 n/27 X >/3" = 2 n/2T x 3 = 18. 

Ex.9. 1^ = 1 l| = i.^/Io. 

^s/2 4 N 4 8 

To extract the Square Root of a Binomial Surd. 

Page 153. 
Ex. 3. Here^ a = 6, and 6 = 20 ; 

••• n/ (fi + '^) = 1 + ^^. 

Ex. 4. Here,6 — 2>/5" = 6— -^4x5 = 6 — . VSoj Lence « = 6, 
and 6 =: 20 ; 
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Conseqaently, j^/ (6 — 2 >/ T) = n/T — 1. « 

Ex. 6, Here, 7 — 2 n/Io = 7 — ^/4 x 10 = 7 — v^j hence 
a ^ 7, and 6 =r 40 ; 

••• n/ (■'^ — 2 n/io) == >/T — >/T. 

Ex. 6. Here, 42 + 3 \/n4| = 42 -f n/o X 174 J = 42 + >/l568; 
whence a = 42, and b = ld68 ; 

Consequently, i^ (42 + 3 >/l74J ) = >/28 + n/14. 

To find Multipliers which will make Binomial Surds rational. 

Page 156. 

Ex. 3. Here, a = 5, 6=2, and m =3; consequently, the multipb'er 
Va"-* + >/«""* * + &c. = V25 + >/Io 4- VT, and by multiplying, 



VT25 4. 1/50 4. ?^ 
we obtain n/i26 • • — >/T= 6 — 2 ; 
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bence 






5 — 2 



Ex. 4. Here, n = 2; .•. the multiplier IJ/a*-* — ^a^-* b + «fec. 
= ^/~a — ^/ 6 ; then multiplying the numerator and denominator by 
s/ a — n/ 6 , we have 

s/a+'s/T (^A^^-^/y) (Va — >/T) a — b 

£x. 5. Here n = 3 ; .*. the multiplier becomes 

v^ — vi^ -|- vy* ; 
and, multiplying the numerator and denominator by this, will give 

a a (V^ — \/ay-}-\^) 

Ex. 6. Here, a = 3, 6 = 4, and n = 4, consequently, the multiplier 
=- V27 — Vse 4- ^/48 — Vai J and by multiplying. 



VsT — V 108 -j- n/i44 — i/ 192 

VTuT — Vi44 + Vl92 — V 256" 

we obtain VsT • • • —V 250"= 3 — 4. 
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ON IMAGINARY QUANTITIES. 

MULTIPLICATION. 

Page 160. 
Ex. 3. Here 4 n/^^ x 3 n/"HT= — 12 V^. 
Ex. 4.-5 V'ir2 X — 3 n/^^Ts = — 15 v'lo. 

Ex.5. (4-f.>/^:3) X n/ITB = 4 N/Ufi — >/i5. 

Ex. 6. a — ^ \/ 1 

a — 6n/ — 1 



aa — aftN/— 1 

o» — 2ofe n/— 1 — 6" 
a — & n/-— .1 

a^ — 2a^ ^/— 1 — a^a 

— afl^ n/ZTT— 2fli« + *3 n/^IIT 

(« ^ ft V^n")^ = a3 4- ft3 >/TIT — 3a6 (6 + a n/^). 
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DIVISION. 

Page 161. 
2^/ — 7 



Ex. 3. 



_3^/ — 5 



— _A 12. 
■^ 3 N 5 ' 



IT A — '^ — ^ 1 M 1 

Ex.4. = — J ^-. or 



= - I- 
6 N 3' 



4 + n/^2 _ (4 + V^^) (2 -f n/"^^) _ 6 -f 6 ^/1I^ 
* ' 2 - >/^r2 "" (2 - V"^^) (2 + V— 2) ® 

Ex.6. 3 + g>/^^ ^ (3+2N/^rr)« ^ ^ 

3 — 2\/— 1 (3— 2>/ — 1)(3 -f 2>/— I) 



ON THE BINOMIAL THEOREM. 

APPLICATION OF THE BINOMIAL THEOREM TO THE EXPANSION 

OF SERIES. 

1. To expand (a -)- x)" when m is a Positive, or Negative Integer. 

Page 173. 

Ex. 6, Here, the first term is x^. 

Second — 7x®^. 

Third l4-*V=21iy. 
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Fourth _!L|L£,y = «35xy. 

Fifth — I — *y= 35«y. 

Sixth -2i>L!^ = -2i^y». 

Seventh ""T"*^ = ^'^" 

Eighth y-y' = — y^ 

Hence (j — y)' = «' - T^Cy + 2UV - 35»y + 35aV — 21xy 

+ 7ay — y''. 

Ex 6. Here the first term is *^« 

the Second 7«« X (2y)=14x«y. 

Third -^!-|-^«*(2y)»= 84a:y. 

Fonrth ?iiiix*(2y)» = 280xy. 

Fifth fiiLZx»(2y)« = 66(tey. 

Sixth ?i|lix.(2j).=6T2iy. 

Seventh ■ • ?1|-? x (2y)« = 448 «y«. 

Eighth ^^ (23,)' = 128y'. 

f «' + HA + *^»'»' f 280jrV + 660«»/ + 6T2iy + 
.•.(x + 2y)T = J^^^_^j28,'. 

Ex. 7. Here, the first term U (a + 6)», or o» + 3a'i + 8o6' + «'• 

the Second 3 (« + *)% « 3«*« + «"*" + 3*^- 

u 
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Third . . . .?-^(a4-fc)c3==3(a-f 6)c«, or 3ac»4-3«c». 

Fourth .....'. — - — «* = c'. 

Whence {(a + b) + c}», or (a + 6 + c)« = 

(a ^- i)8 ^ 3 (a _|_ 6)8c + 3 (a + i) c« -f c», or 
a» + 3a«6 + 3a6« + 6* + 8a«c + Qabc + 36«c + 3ac« + 36c« -f <?». 

2 1 

Ex. 8. Here --r — rr — -^-r — 75 X 2 = 2 (c 4- «)-»; and ex- 

panding (c -f- «)~', we have, for the first term, • • . • c— •= — ^ • 

2^* 

For the second — 2(r-^a = r • 

tr 

Third I4l<^,. = 3c-«*»=i^. 

Fourth — cr^a^= — 4<r-*d?' = r-- 

&c, <fec. Ac. 

Hence ^^:p-^ = ^-- + _-_+&c. 






2 __ 2 4x dr* __ 8jp» 



expansion, we have, for the first term, a~^ = — . 

For the second - — Sar-* (2b) = — da-^b = — -— . 

a* 



Third 



• • • • 



3X4 S4&* 

—^ o-^ (26)«=: 24a-« *«= il^. 
2 ^ a* 



ON THE BINOMIAL THEOREM. 123 

Fourth. . . -i^a-«(26)3=-80a--A»«-®?*^. 

hence— i = l-.?i4. ^f^^ 80^ 4.^, 

. «* _ «*_ fla'A 24g«y 80a»6» 

_ 1 ., 64 , 246« 80fc» 



.- m 



2. To expand (a + jr>, _ being either Poeitive or Negative. 

Page 178. 
Ex. 6. Here (a + ar)« = (6« + *)*, ... a = i«, m =, 1, « - 2. 



and 






Whence a« = (6«)* — j =- ^, 



— AQ^ — 6 >^ — =: — B 



24 ^ F^""234» 





2» 


m 


— 2« 




3n 


m 


— 8« 






CO = ^ 1- X - -^ V ±— ?f^~„ 
e ^ 2.44» ^ fc« ■" 2.4.64* "^ • 

DO =-i.x-ii^v--- -i:£fl--, 

4» 8 2.4 66*'^ 4» 2.4.6.867 " ^* 

<fec. «fec. &c. 

T 26 2.44» ^ 2.4.6»« 2.4.6.86' ^ 



ir X — s- 



«»+ 



■•^n^zi- lir Hfc -jan 



►nnsE ^ s 






-E -yr.irT. X r- K Tcr nr 



» — « 



£IIL JL 1X15 TiarnilF'" lEBt Sil. UK 



*4*. 



be »hied, without 



_2 1 • t 



X«*=«*^**— X)"*; 






^ i 






m 1 1 X X 

— AC = — — X — X— -j = T3 = ». 



— — 1- ^!L — i. — 1^ — 





iit 


iM 


— i« 




3a 


m 


— 3ii 



^=-6-^215? 






3-5a* 



c* 3.4.6c' 



= D. 



4ii 
Ac. 



D0 = — — X 



3.5jf» 



8 '^ 2.4.ac» 






S.5.Ta{* 



c* 2.-l.6.8€> 

Ac. 
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„ 1 1 . * . 3a?» . 3.6«» , 3,5.T»* , . ^ 

«• (4- H- ^ + ^ + :#^ + ,;::.. +*«■) 



• • 



(c» — ,)* ' c ^ 2c» ^ 2,4c* ' 2.4.6c» ' 2.4.6.8c» 

"~ ^ "^ 2c "*" 2.4c» "*" 2.4.flc» "*■ 2.4.6^c» "*" 



Ex, 8. Here m =s 2, it ss 3. and q = — • 

a 



Whence a» s= a* := a. 

m 2 I d7 2a'd7 

n 3 a 3a 

m — It ^^^ 1_ 2a*a » 2afj?* ^^ 

2n ■^"" 6 ^ 3a ^ T """" 1:6^5 "" ""• 

m — 2it «. ^ _ 2a*a» x 2.4a V __ 

Sn ^'^ T^ sTe? a "" 3.6.0a« "* "* 

w — 8n __^ J[^ y 2.4aV ^ — _ 2^.7aJ«* _ 
4n "°"" 12 3.6.9a» ^ a" 3.6.0.12a« "" ""'* 

&c« (fee* <fec« 

, . V* I . 2a'j? 2a'«» , 2.4a^«» 2.4.7a*«« . 

'••('*+'>=«■♦- -3^-^3:8?+ 3:5^5^ -3-:6Xi^ 

ft 2dP X* 42* 7df^ 

==" ^^ + 3S""35?'*"3V""35?-"^*^-> 

Ex. 9. Here Vo" = (8 + 1)* .*. a s 8, « a= 1, m^\, « s= 3, and 



1 _^ 

112 
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Whence o» = 8^ =s 2 = a. 

-AQ=-X2X2^=3^ = ^ = B. 

m— n _ Lv^v-L i— =c 

-^— BQ— — ^ X 3^a X 2» "" 3.6.2* 

m — 2« _ 5 _J_ V i- — — i— =:d 

■~3^ ^° — "" 9 ^ "" 3.6.2* ^ 2» ""3.6.9.27 

w> — 3n _ ^ 6 y 1. _ _ ^'^ _. J. 

— jjp-DQ— ^2 X 3gg2' X 2» ~ 3.e.9.12.2»» 

&c, &c. &€. 

Hence i/T^2+^^ -^ + j;;^!^ - 3.6.9.\2> + *''• 
Ex.10. HereN/2"=(l +1)*.-. a=sl, i = l, « = 1, « = 2, and 

. = ! = ,. 



Whence a" 



t» = l*=l=A. 



w 1 , , 1 

-A«=-XlXl=-5- = B. 

— J— BQ — — — X 2 — 2.4""^* 
»».^2n 3 ^ 1 3 

m— 3yt 5 3 3.5 _ 

4n ^° "" 8 ^ 2.4.6 "" 2.4.6.8 

^c. &c. &c. 

/— 1 1.8 8.5 , , 

... >/2 =1 + y -2-5 + j;5^- g;^;^;^ + &c. 
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Ex.11. Here ass a', xs=:-^x*, m = 3, fi=s4, and q = 1> 

Whence o» = (o")* = o' = J = i. 

TO 3 I af* SoV 

« 4 a' 2V 

TO-— n ___ 1 3a'«* J?' ___^ 3<PA'^ 

"2^ BO ^ X — -p^ X — ^ — — -2»5r — c- 

»i— an _ 6 3a^j?* »* _^ ^<t^^ _ 

TO — 3n 5a V «» 5.0a'jr* 

4» 2* 2'a* a* 2"a* 

,.# I 3a*x* 3a*j?* sJa* 6,9Ja^ 

... (a«- .»)» = a« - ^5^ - ^5jj^ — 5^ - -^n^ - &c. 

a' a* 1 1 

and, since -=• = — r ^ — : or — ==, the preceding series may 

he written thus : 

1 3jp» 3** 5*« 6,dt* 



V'V 2» 2«a« 2'a* 2"a« 
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APPLICATION OF LOGARITHMS. 

Page 193. 

Ex. 6. Here 6 log. 24 + ^og. 17 ~ (log. 4821 + 4 log. 6) = 78-64561 
As shown by the following operation : 



1*3802112 = log. 24. 



3)1-2304489=3 log. 17. 



6 




•4101496 


8*2812672 




•4101496 




•7781513 = log. 6. 
4 


8*6914168 




6-7957423 




3*1126052 
3*6831371= log. 4821 




i-8956745 
1*8956435 = log. 






78.64 
• • . • 561 


6*7957423 


diflf. 552) 3100 (. . . 




2760 


78*64561 Anfl. 




3400 






3312 






880 






552 







328 



Ex. 7. Here 



1 284 1/ 621 
'^ (43 )» 



^284 V621 ^^ (284)^(621)* 



>/(43)» 
Hence \ log. 284 + i log- 621 — | log. 43. 



(43) 



% 



ON EXPONENTIAL EQUATIONS. 
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2) 2*4633183 = log. 284. 


6) 2-7930916 =s log. 


621. 


1-2266601 


•4666162 




•4666152 


1*6334686 ss log. 
3 


43. 


1*6921743 = log. of numerator. 




2*4602027 s= log. of denominator. 






2) 4*9004066 
2*4602027 




—•7680284 = log. of the fraction. 
-•7680030 = log. ofj:^- 








diff. 769) 2640 (33 




2277 






2630 




• 


2277 






363 







Hence the answer \b 



6-72833 



ON EXPONENTIAL EQUATIONS. 

Page 196. 

Ex. 2t Given a^ = 5. 

Here x log* x ^ log. 5 = •6989700, and upon trial x is found to lie 
between 2 and 3. Hence, by substituting each of these, we have 

2 log. 2= •6020600 
and 3 log. 3 = 1*4313639 

•8293039 = difference of results. 

.*. 8293039 : 1 :: •0989100 : -0117 nearly. 
Whence 2 + •0117 = 20117. 
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This value we find to be rather too small; and so also is 2*1. Now, 
by trying 2*29 it is found to be too great ; the true value, therefore, is 
between 2* 1 and 2 2. 

2*1 log. 24 = -67666053 
2*2 log. 2*2 = •75332094 



•07666041 = diff. of results. 
.'. -0766604] : -1 :: '0223005 : -029 
and 2*1 -f -020 = 2*120. 

£x. 3. Given x* = 2000. 

We shall solve this equation by the second method, and shall have 

log. 2000 =r 3*3010300 = a', and log. 3*3010300 = •5186494. 
.'. af -h log. x' = log. a' = '5186494. 

Now the nearest value of af in the tables, below the true one, is 

'6837, which, added to its log. 1*8348656, gives *51 85656; and the 
nearest value above the true one is *6838, which, added to its log. 

T-8349291, gives -5187291. 

*5187291 *5186494 

*5]85656 '5185656 



1635 838 

.*. 1635 :'0001 :: 838 : 512. 

Consequently, af = '6837512 = log. x ; 

.*. a? =4*8278. 
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COMPOUND INTEREST. 



PROBLEM I. 



Page 199. 



Ex. 7. Here p = 500, a = 900, r = 1 + -rrr- = 1*05 : 

log, a — log, p log. 000 — log. 500 

"" log. R log. 1*05 



2-0542425 — 2*6989700 
•0211893 



= 12*04 yean. 



Ex. 8. Heie;i = 200, r= 1 + -jrr- = 1*04, and n = 7 ; 
.*. log. a ^ log. j9 + n log. R = log. 200 -|- 7 log. 1 '04. 



2*3010300 = 


log. 


200. 


•0170333 = log. 1*04. 


•1192331 






7 


2*4202631 


•1192331 


2*4202529 = 


log. 

. « 


203*18 
. • • . 6 




. 165) .1020 (. 




990 


263*186 




3b 




20 

3*72 
12 

8*64 
4 

2-56 





Hence a = £263. 3«. 8^0^. 
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Ex. 9. Here p = £376. \1s, 9d,, a = 1000, and ii = 20 ; 

_ log, o — log, p __ l og. 1000 — log. 376*887 __ 
.-. log. B - jj - ^ 

3 2*5762112 

— =1 *0211894, the number corresponding to which ia 1*05 ; 

••. r = *05, and '06 X 100 = 5, the rate per cent. 

£x. ]0. Herem = 2, and b = ]«035; 

log. m log. 2 -3010300 ^^ , ^ 

... n = --2 = ■ — ^7--— = ,,,^^^^^ = 20-140 Tears. 

log. R log. 1*035 •0149403 ^ 



PROBLEM II. 

Page 201. 

4*5 
Ex. 5. Here a = 30, r = -— = '045, and n = 16 ; 

__a(r » — 1) _ 30 {(l*045y« — 1} 

•'. fl ss ^^ ^ . _ • 

r '045 

Now, log. (1*045)^^= 16 log. 1045 = -3058608 = log. 2*02237 ; 

30 (202237— 1) 30 X (1*02237) 

••• « = — ^ KVl ■ = \ak =iE081. 11*. 7rf. 

•045 *045 



Ex. 6. Here a= -^ .*. hi =R"; 

r A 



and log. J hi 5 = « log- * 5 

{ ar 4- x} 

\ n = log. J J -r- log. R 

5 40 4- 20 > 
= loff*(-i-J-^log.l.01 
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*4771213 
log. 3 -i- log. 1-04 = ^,,^^^^ =: 88 years. 
** ^ •01T0333 ' 



Ex. T. Here p = — = --=s33Ja. 

r '03 ' 



ON SERIES. 

THE DIFFERENTIAL METHOD. 
PROBLEM I. 

To find the first term of any order of difierences. 

Page 205. 
Ex. 3. Here a, b, c, d, <fec. = 1 ^ 8, 27^ Qi, drc. and n = 3. 

^ 2 ^ 2.3 

— aH-3* — 3c + d = — 1 +24—81 +64 = 6. 

Ex. 4. Here a, b, e, d, e, <fec. ^ 1, 6^ 20, 50, 105, <&c. and n = 4. 

n(«— 1) «(» — 1)(« — 2) . , 

^2 2.3 

»(n — l)(n — 2)(n-3) .. . « .^ . 

— i \ ' ^ — e = a — 4^ + 6c — 4«f+fi = 

2.8.4 ^ ^ 

1 —24 + 120 — 200 + 105 =s2. 



N 
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PROBLEM II. 

To find the nth term of the series a, b, c, dy e, &c. 

Page 208. 

Ex. 4. 1, 3, 5, 7, 

2, 2, 2, 
0>0. 

Here the first terms of the differences are 2, and ; 

that ia, A* = 2, and A* = ; also a^l, and n = 20 ; 
.-. a -f (n — 1 ) A* = 1 + 38 =39. 

Ex. 6, 1, 3, 6, 10, 15, 

2, 3, 4, 5, 

1,1,1, 
0,0. 

Here A* =2, A'=l, A' = 0, a = l, and n =20. 
... a + («- 1) A» + ^^^=^^^^=^ A*=l+88+171 = 210. 

Ex.6. 1,4,0, 16,25, 

3, 5, T, 9, 
2, 2, 2, 
0,0. 
Here A* = 3, A* = 2, A* = 0, a = 1, and n = 15 ; 



,4-(,,l)A> + (^'-^>^^'''-^> A« = l 4-42 + 182 = 

Ex.7. Here,/=a-— 56 + lOc— 10</ + 5e; 

, a4"10c4-5e — (56+/) 
...rf= j5 



225. 
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which is thus calculated: 

a = log. 50 = 1*6989700 
A = log. 61 = 1«70T5T02 
e = log. 52 s= 1-7160033 
e = log. 54 = 1*7323938 
/ = log. 66 r= 1 -7403627 

... (a ^ joc -f 6e) = 27*5209720 
(5*+/) = 10*2782137 

10) 17*2427583 

</ = log. 53 = 1*7242758 



PROBLEM III. 

To find the sum of n tenns of a series. 

Page 209. 

Ex. 3. 1,2, 3, 4, 5, 

1, 1, M, 
0, 0, 0. 

Here A* = 1, A' = 0, and a ^ 1 ; 

, n(n — 1 ) - «* 4- « 

.*. na + — ^ A* ^ ■ — • 

^2 2 

Ex. 4. 1,4, 8, J3, 19, 

3,4,5,6, 

1,1,1, 
0, 0. 

Here, A* =3, A*=l, A'^0, a=l. andw = 12; 

«(»— 1) n(»--l)(n— 2) - 

.-. na + -^— A* H ^^ ~ A* = 

2 ^ 2.3 

12 + 198 +220 = 430. 
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Ex. 5. \, 3, Q, 10« 15, 

2, 3, 4, 5, 

1,1,1, 
0,0. 

Here A* = 2, A'= 1, A' = 0, and a = l ; 

. , . w» — 3n«-h'2« w»4-3»» + 2» n(« + l)(n + 2) 
"+"-'* + g = g = ^ 

£x. 6. 1,8,27,64, 125,216, 

7, 19, 37, 61, 91, 

12,18,24,30, 

6, 6, 6, 

0,0. 

Here A* = 7, A* = 12, A' = 6, A* = 0, and a=l; 
... „„ +'!kp) ^. + "Jlt=^^^.+ n(n-l)0.-2)(«-3) ^, 

= „ + !iLL»i±> + 2„ („ - 1) („ _ 2) + !i(l-ii)i"z:£H?i:l) 

_ 4n + 14n(n~l) (84-n — 3) {n (»— 1) («— 2)) 
"" "^ 4 "^ 4 

4» +{ 14 H- (n + 5) (» — 2)} n(n~ 1) 
~ 4 

4« + n* + 27|8 -I- n« - 4» n* + 2«» + n» 



«» (» + !)« 

= -i — — s= sum. 

4 
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Ex. 7. }, 10, 81, 256, 626, 129d, ilOl, 

}5, 66, 176, 339, 671, 1105, 

50, 110, 104,302,431, 

60,84, 108, 132, 

24, 24, 24, 

0,0. 

Here A' = 15, A' = 50, A'=60, A* = 24, A* = 0, and a= J ; 

...„„ + "A!t=}l ^. . n(n-l)(n-2) « («-l)(,.-2)(«-3) 

^ 2 ^ 2 3 " ^ 2.3.4 

. »(«— l)(n— 2)(«-3)(;i-4) 
^ 2.3.4.5 

. 15n*— 15» 2.>«3 — 75««4-50« , 5m< — 30rt» + 55«2 — 30// 
'* H r H 1 



„« — \0n* -h 35»> — 50/i» 4- 24n 
H 1 



and by reducing these fractions to the common denominator 30 (which 
is the least multiple), and then collecting the terms of the numerator, 
the preceding will become 

/I* . «* . «* n 

— + — -4- — — — = sum. 

5 ^ 2 ^ 3 30 



V 2 
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APPLICATION OF FORMULA If. 

Page 216. 
Ex. 3. Here ;» = 2, ^ = 1 , 2, 3, &c. and n = 1, 3. 5, Ac. successtvelj ; 

[ -(33 +r. +*»•)] 

(Alg.p.212); 

and r— 01 -— = — - ^ sum. 
2j9 2 8 

Ex. 4. Hereby = 2, ^=1, 4, 7, <fec., and fis= 1,3,5, <fec., successively; 



I 



1.3 ^.3.5^ 5.7 ^ 7 9^ 



I -<3^ + fT + r9+*'=>. 



= 1T3 + 3^ + ^7 + 4 +*'• 



, fl+l + l + ^c.^, 

< > 



= il + T^ - - > = 



= — : and -- of this is —- ^ sum. 

3^2 (5 2p 24 

Ex. 5. Here, 

r jL_ 4. i±* + i±?^ +&C ^ 

J n(n-\-p) ^ in-^p) (n+2p) ^ («+2/?)r»4-3/>) ^ ' 1^ 

• / 4. I J« I 4-C&C ) I 

^ X«+?) C«+^/>) (n-f 2/>)(«4-3/;) ^ («+3p)(n+4;;)^ •^-' 



+ ;.77-rr7--.-^ + 



-f «fec. 



07f THE SUMMATION OF INPIKITE SERIES. 
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= -,^+lj 



6*6 b 

+ — r-r — h _ , ^j + Ac. 



n-f-p «+2p «+3;> 



»(n+p) 



and — of this is — ss sum. 

una g^ oi uiiB g^ ^^ _^ ^^ -« sum. 



APPLICATION OF FORMULA III. 



Page 217. 



Ex. 3. Here p = 3^ 



2.5 8 

3.6.0 ^ 6.9.12 ^ 9.12.15 ^ 



1 



- (-^ 4- ^ + 4- Ac.) 1 

^6.9.12 ^ 9.12.15 ^ 12.15.18 ^ ^ >» 



f 



2.3.3 
3.6.9 ^ 6.9.12 ^ 9.12.15 ^ "" 



2 



+ J.J«^ 



3 3 



1 



.9 ' 9.12 
3.6.9 ' 2p 3' 3 I 

1^ "(97i2+i2T5-^*"->J 



2.13, 2.1 



3.6.9 ' 2p ^6.9' 3.6.9 ^ 2.6.9 2.3.6.9 ' 



1 7 

and -— of this is ^^, • = som. 
3/? 2916 
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Ex. 4. lierep = 1, 

I 1.2.3 ■*■ 2.3.4 "^ 3.4^ "^ * 

I , 36 . 49 . 64 . . V I 

_J6_ 13_ 15_ ^^^ 

■" 1.2.3 ■'■ 2.3.4 ^ 3.4.5 ^ 

13 . 15 



L '^ 3.4 ^ 4.5 ^ ^ J 

¥ + i2 + 2^ilT + Tr + *''-" 3 ) - 

36 , 13 , 2 89 ,1 .... . 89 

= — : and — of this is — 7 = sum. 

6 ^ 12^ 6 12' Sp 36 



Page 220. 
Ex.3. Here a = 2, 6 = 2, and n = 3. 



...i 



2.4 2.4.6 2.4.6^ (2r) ^ 

^ "^ F"^ 3.5 "^ * • •3.5.7...(2r-l) I 

) 2.4 2^ 2.4«6.8..(2r4-2) . f 

l"~^T "^ 3.5 "^ 3.5.7...(2rH-l) M 



2.4.6.8 (2r + 2) 

"~ "~ 3.5.7 .9 (2r-|-l)' 



1 ^,^. . 2.4.6.8 (2r-|-2) ^ 

and . of this is — --~ T-oTXn - 2 = suin. 

n — a — o 0.5.7.V {xr-f-x) 

Ex. 4 . To render this series suitable for the application of the general 

1.2 1.2.3 1.2.3.4 

formula, we must write it in the form -^ + -^ + TTTa "^ ^^ » 

0.0 0.0.7 0.0.7.0 

hence a = 1, 6 =: 1, and n r= 5 ; 
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i 



r'4+ 



1.2.3 , 1.2.3.4 



j , 1.2.3 1.2.3.4 , ^ ^ 



1 2 

and of this U-r-^ sum. 

n—a — b 15 






2 



PROMISCUOUS EXAMPLES. 



Page 223. 



£x. 2. Iierej7 = l. 



+^4r+ ' 



1.2.22 ' 2.3.2« 
'5 



8 I 



^ ^ 2.3.23 "^ 3.4.2« "*" ^^'^ J 

"~ 1.2.2* ^2.3.23 "^ 3.4^* + <fecO J 

and — - of this is 
2p 

2.23 2 ) 2.3.23 "*" 3.4.2* +**^*^i' 
hence, summing the series within the brackets, we have 



C _4 5 

I 2.28 + 3:2^ + **^<^- 



< 



1 



-( 



4 5 f 



_ 4 3 4 

— 2.23 "~ 3.2* TF"^ *^^'' 



1 2 1 "^ 1 

and — of this is — — — — — — &c. • 

2 2* 2* 2* ' 
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5 2 1 V 1 



" 2.2« '2* 2.2»^ 4 



z 
Ex. 3. Assume the series s= 



(l-i)3"" I-3* + 3a?« — dr»' 
then, a- + 3.ra + 6^ + 10a?* + &c. 
1 _3^ ^Sx^ — ar^ 



^ ^ 3-pa ^ Q<pS ^ lOaT* + Ac. 

— Sa^ - 9x* — 18ar* + &c. 

3^+ 9d7* + &c. 

— d?* + Ac. 



.•. 2 = ir 



hence a? 4- 3dr» -f Oi^ + lOx* + <fec. = — rr- = sum. 

(1— «)' 

Ex. 4. The answer to this question will differ according as n is 
even or odd. By supposing n even, the operation will be as follows : 



ri_l4.i_l ' 



6 "*" 8 10 ' " ■ 2« + 2 

''S 10^ 2)1+2 ^Sn 



! L_/ 

+ 4 2« + 6 ^ J 



4 « 2» + 4"^2n + 6 ^4 2«4-4^"*"^2n + 6 5^ 

2« 2« . 1 ^ ^ , 1 , . 

; and -th , that is, - , of this is 



8» + Itt 12n4-36' p ' '4 
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16(fi + 2) 24(fl -f 3) 
Again, let n be odd, then the process will be 

|4 6 + 8 10+ + 



Ans. 






2jt + 2 
1 



^H 10 ^ ' " * ' ^ 2n -f 2 2» 4- 4 



1 



4 6^2fi+4 2n4-6 



1 



=(5 + 



' o-<i + 



2ii 
1 



2>i-t-4' ^6 ' 2« + a 



TlJ 






I 



211 + 8 2>|.f 12 .1. ._ . 

■^ — r-rs T^: — ' — r:: > *nd -th of this is 

8» + 16 I2n 4. 36 ' p 



n4-4 



n + 6 



16(» + 2) 24(» 4- 3) 



Ans. 



£x. 5. Here the series may be written 

2.3 < 4.6 ^6.7 ^6.8 ^ J ' 



Then,- 



1 -(J+J + *<=-) J 



u 



1 /^O 



6 V20y 



9 



120 ' 



11 9 3 

and -> that is -, of this is -— — ■ ^ rr = sum. 
p 2 240 80 



Ex. 6. Here the series may be written 

2.3 e 5.6 6.7 7.8 



l^ 



2.2.3.3 ( 1.2.3.4 ^ 2.3.4.5 ^ 3.4.5.6 ^ > 



r 5.6 , 6.7 . 7.8 . , > 

1 1 1.2.3^2.3.4^3.4.5^ 

3P ,5.6 . 6.7 . ^ 



■4 



146 ON RECURRING SERIES. 

18 i 1.2.3 "*■ 2.3.4 ■*" 3.4.5 '^ ^' \ ^ 



Then, 



r 30 , 12 14 .16 . ^ 
1 J 1.2^2.3 ^ 3.4^4.5^ 

18 J 30 .12 . 14 . ^ ^ I 

I -^2-:3 + 3T4 + 4:5 + ^^->J 

18 ( 2.3 ^ 3.4 ^ 4.5 ^ V 



1 



and -- of this is 
2p 



36 I ^ "~ Y '*" 3 J "■ 36 36 "^ 108 "" 108 "" 54 ^ 



sum. 



ON RECURRING SERIES. 

PROBLEM I. 

Page 227. 
To find the sum of an infinite recurritrg series. 
Ex. 2. Here the third term^ c^^*a + ^^) whence 

— ^A — xB 4- c = ; 
hence, «= — j^t r = — x, 9=1> and p = 0; 

A (p + y -f y) -h B (p -I- y) -f cp a(1— j) -f B 

1 + JP 

1 — d? — »* 
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£x. 3. Here the third teno^ c = — jt^a -f Sotb, 
whence, dr'A — 2dPB -|- c = ; 
consequently, # = «*, r =s — 2d?, 7^ 1> and p^O, 

a(1— 2d?) + B ]+x 

.'. tnim ^ — r :: — r-h — ^ ; tt 1* 

1— 2* + «» 1— 2«-f«« 

Ex. 4. Here the fourth term, d =: — 2s*a + ''b 4- S«C| whence 

2x»A — c'b— 2jrc + D^0i 
hence, #=2s', r^ — ac*, ^=: — 2x, and p = ly 

_ a(1--2x— a!»)-hB(l— 2j?)-Hc _ 3->g — ej?» 
.-.sum— i_2x — «»4-2*» -"1— 2* — «« + 2x»* 



PROBLEM II. 

Page 229. 

To find the sum of any number of terms of a recurring series. 
Ex. 2. Here c = — «*a + 2xb, whence x'a — 2a?B -^ c =0 ; 
.'. * ^ i', r = — 2*, y = 1 , p = 0, also u =s (2« + 1 )i*» ; 
v = (2» + 3)«"+S and w=:(2ii+ 5) a*+«; 

h«n«« (A — u)(l->2jp)-fB — V _ 

Hence, sum = ■ — : — t = 

1 — 2* -j- a:* 

[1 — (2>i -h 1) j«} (1 — 2jj +3t — (2fi + 3) a»+^ 

l-«.2x + ^ 

1 ^(2» 4- l)g« + y + 2 (2n + 1) j«'+' — (2n + 3) j»»-f ^ 
"" 1— 2t4-«a 

1 -f « — (2« -f 1 ) a* 4- (2« - 1 ) «"+' 

= i — I — 5 = sum. 

J — 2« -|- 1' 



K 2 
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ON THE METHOD OF INDETERMINATE COEFFICIENTS. 



Page 232. 

Ex. 4. Assume Vl— x =: a + b*p + ex' -|- djj* -f e** + <fec. ; 
thei); by squaring each side, and transposing, we have 

+ 2AE-N 

a2 + 2ab ") + 2ac "> + 2ad ") f 

}w >« X + 2bd >«* + Ac. = 

-1 J > + B« 3 +2bc3 ft 

+ c« J 

a' — ) =0, therefore a = 1 



2ab -|- ] =0, . . . B =: — -— 

2ac -|- b' =0, . . . c = — -— 

2.4 



0; 



Whence ■< 



2ad -|- 2bc = 0, . . . D = — 
2ae + 2bd -I- c« = 0, . . . E = — 



2.4.6 

3.6 
2.4.6.8 



<fec. 



J , a? X* 



3i' 



<&c. 
3.5x* 



2 2.4 2.4.6 2.4.6.8 



<fec. 



Ex. 6, Assame 



] +2af 
1 — a? — x^ 



= A + Bx -f ex* -}• D^ + <feC' 5 



multiplying each side by 1 — x — x*, and transposing, we have 

A — A^ — '^^ — "^ — ^i 

-f <fec. = ; 



) 1 I V 

— 1 -}-B >d? — B >X* — C>X*— DVa?* 
— 2-^ .+ c' +I> +E^ 
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Whence 



A — 1:=0, tberefoTe> i= 1 



-^A -|-B— 2 

— A— B + Cl 

— B— C -f-D; 

— C — D+E: 
<&C. 



:0, . . . B= 3 
:0, . . . cs 4 
:0, . • . Ds= 7 

0; . . . ESS 11 

Ac. 



1 + 



'• 1 -x^jfi = 1 + 8* + 4** + 7*3 -I- 1 lar* 4- Ac. 



Ex. tf. Assame 



1— 2a« + «« 



=:A + B«-^G«' + Dd?* + &c. ; 



then, multiplying each side by 1 — 2ar -|- jr*, and transposing, we have 



S« — 2Ba >«•— 2ca >«»— 2Da > «* 
^l-2Aa3 ( ( I 

-hA-^ +B-^ -f-cj 



-|- &<?., == J 



Whence •< 



c — 
D — 
B — 



A — 1=0, therefore, a = 1 
B — 2Aa = 0, . . . B=i2a 
2Ba + A = 0, . . . c=4a«— I 
2ca4-B=0, . . . D = 8a' — 4a 
2Da + c=:0, . . , E = ]6a<— ]2a«4- J 



(16a^— 12a« -f 1 ) ^i* + &c. 
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OS THE MULTINOMIAL THEOREM. 

Page 236. 

Eic 3. H«iea=3, 6 = 3, e = 4y ^ = 5y4kc^ ad (2 = 12, therefore 
«•=§ =A 
ad=3tf=B 

+ arf=a31 = »; 

.-. C2x +3jr» -h4i^ + Ai:.)^ = *» (,3 +3^ + 4^ + Ac.)' = 
Sx* + 36a* -f- lOSa* + 231x« -f Ac. 

Ex. 4. Heie « = l, 4 = — > * = — . ^ = ^»' = "5~> *<^-» 

3 5 T 9 

and Q = 2y tiierefbfe* 

a" = 1 = A 
2 

(jt— 1)b6 , 23 

— 2i— + «^ = 45=^ 

(n — 2)c6+(2ji — J)bc , ^ 44 

3a ^"^ 106 

(it— 8) d*+(2ji — 2)cc + (3i»--l)Brf , 563 

4a ^" 1575 ' 

<fec. ifeC. 
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Ex. 5. Here a = 1, & = — , c = -— , rf = —, e = —, <fec. aLio 

8 3 4 

Q = — , therefore 

•I 

a" = 1 = A 
1 

qA = -T- = B 

6 

(« — 1)b4 , I 

+ OC = --=c 



2a • " 12 

(n— 2)c5 + (2n— 1)bc 35 __ 

3a "^ ^ 648 " ** 

(«— 3)DA+(2ii--2)ce + (3«— !)»/ . 383 

4a ^ " 9720 

<fec. <&c. 

. 383 , 
^ 9T20 ^ 
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ON THE REVERSION OF SERIES. 
Page 239. 



Ex. 3. Here a = I, 6 = —, c =r — , rf = — — -, ifec. 

8 4 8 

Therefore, — = 1, 
a 

b 1 



a* 


2' 




2^- 
a 


— flfC 1 

.« =4' 




5i'- 


- dabc 4- «'</ 


1 




a^ 


8 ' 



<&c. <&c. 



••• a:=y + yy* + -;j-y' + -g-y* + <*^c. 



Ex. 4. Here a = 1, 6 = — , c = —-, d = — —, <Vc. 



3' 5' 7 



Therefore, — =1, 
a 



1 
4 •= T' 



a 

36a--oc _^ 
a» ""15' 

126»-f g'rf— 8a^ _ J7_ 
a»« "" 316 ' 

<&c. (&C. 
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Ex. 5. By transposition, we have 

«c* a** X* 

* + T +§73 + 8^:4 +*"=•=*-*' 

hence o=l, * = y, c = y, rf = ~, &c 



Therefore^ 


a 






b 


I 




a» "■ 


2' 




26«— ac 
a* 


1 

= T' 

Ac, 



....=(,_,)_iii=I)! + i>^*_*,. 



ON INDETERMINATE EQUATIONS. 

PROBLEM I. 

To finil the integer values of x and y in the equation 

«« di ^y = c. 
Page 246. 
Ex. 4. The expression for x deduced from this equation is 

t = -— ^s-50-.2y — ^---— . . . (A), 
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Hence^ proceeding according to the rule, 

4 
4y— 16 

y + 16 

1 f\ 

and as — gives a remainder r = 1 , therefore 5 — 1 = 4 is the least 
o 

value of y. Now, it is obvious, from a mere inspection of the proposed 

equation, that the less y is, the greater is x ; hence by (A) the greatest 

value of X is 42 ; and by adding 5 (the coefficient of x) repeatedly to 

the least value of y, and subtracting 11 (the coefficient of y) from the 

greatest value of x, we shall have all the possible answers as follows, 

viz. 



y= 4 

dr = 42 



9 



31 



14 



20 



19 



9 



Ex. 5. Here we shall determine the least value of j: by means of the 
expression for i/, which is 



500—11* 111*— 10 



35 


^■MM A 


35 




11* — 


10 




3 






33* — 


30 




35f 






2x + 


30 




5 




acting 


10*4. 


150 from aboi 


givw 


1 a? — 


160 



OK INDETEUMINATfi EQUATIONS, 155 



£x. 6. Here 



6 



y — 66 



and — gives r = 9 = the least value of ^, and it is evident from (A) 

X if 

that the less y is the less will x be ; hence the least value of j: as given 
by (A) is 56. 

Ex. 7. Let X represent the number of guineas, and y the number of 
three-shilling pieces ; then, reducing all to shillings, we have to ascertain 
whether the equation 

21xH-3y = 1000 

be possible or impossible in positive integers. 
For the value of x we have 

lOOO-Jly^ 3y-l3 . 

*- — 21 ^^^ iT"' 

and it is plain that whatever multiples we take of 3 and 21, their differ- 
ence must be either 0, or else some multiple of 3; hence it follows that 
the solution in integers is impossible. 

Ex. 8. Let X be the number of sheep, and y that of the lambs ; then, 
by the question. 
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26^-h)5y= 168; 

26 26 ^ ^ 

15y — 12 
2 



30y— 24 
26y 

4y — 24 
4 



Subtracting 16i/ — 96 from above 



we have y — ^84 

84 
and — gives r = 6, the number of lambs : 
26 

.*. (A), 3 is that of the sheep. 
Ex. 9. For JT, we have the expression 



71— 13y ,^ 6y— 1 
= ^ = 10 — y ^ 

6y~l 



. . (A) 



2/ + 1 



.'. R = 1, and 7 — 1 = 6 = the least value of ^; therefore, from (A), 
the greatest value of a: is — 1 ; hence, the equation admits of no solu- 
tion in positive integers. 
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PROBLEM II. 

Page 248. 
£x. 2. We have here to ascertain whether the relation 

2]«-f SyssSSOO 

is possible in positive integers. 
The equation 21^/ — 3/ =s 1 gives 

21 ' 

which is impossible (see Solution to Ex. 7, page 155). 
Ex. 3. Here, the proposed equation is 

21« + ^y = 20000; 

and from the equation 

21*'-. 6^ = 1, 



we have 



2] ' 



then, 6/ + 1 

4 



20y'-h4 
21/ 



.*.y^4, and jr' = 1 ; consequently^ the number of solutions is the in- 

KX) 
21 



, 20000X1 ^20000X4 
tegral part of mteg. part of — — = 190. 
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PftOBUDf III. 



Fige251. 



Kx. 2. Hete, z cannot be greater than 
^nri by Problem i.. 



400—17 — 19 
21 



_ 400~19y — 21s 



= 23— ^ — s — 

2y + 4s — 9 



2^ + 4g— 9 
17 



= 17i. 



. (A) 



16y4- 32^ — 72 
17y 

y — 32»4-72 



40 



J)y putting z ^=\, this remainder becomes y -f 40, and — gives 

H = 6, .'. 17 — 6 s= 11, the value of y conesponding to the least 
value of z; also the value of x from (A) is 10; by putting 2, 3, 4, &c. 
for 2 in the same remainder, according to the rule, we shall have all 
the answers as follow : 



2=1 


2 


8 


4 


6 


6 


11 


12 


13 


14 


.y = ii 


9 


7 


6 


3 


1 


8 


6 


4 


2 


r = 10 


n 


12 


13 


14 


15 


1 


2 


3 


4 



PROBLEM IV. 



Page 254. 



Fx. 2. Here the greatest limit of * < is 13; also in 
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the equation Sop' — 5y'= 1, ^e have a = 3, 6 = 5, .r' = 2,y = 1; 
consequently, the two series of which the sums are required, beginning 

with the least terms, -^^ — — and -^^ ^^, will be 

a 



2.9 . 2.16 , 2.23 , 
5^6 ' 5 ■*■ • 


2.93 


1.9 , 1.16 , 1.23 , 
3 ' 3 ' 3 ■*■ • ' 


1.93 
• • • 3 ' 



2 7 
the common difference of the terms in the first series being -^, and in 

5 

7 
the second --; and the number of terms in each 13. 

Hence the sum of the first series is 265|, and that of the second 
series 221. 

Moreover, the first period of Auctions in the first series is 

8 . 2 . I . 5 . 4 „ 

and the first period in the second series is 

+ 5 + 1=1 .... (B); 

and since the number of terms is 13 in each series, we must take two 
periods and three terms of (A) for the fiuctional parts of the first series^ 
and four periods and one term of (6) for the firactional parts of the 
second series. These parts are respectively 7\ and 4 ; 

-•. (2661 — U) - (221 — 4) = 41. Ans. 

9999 7 9 

Ex. 3. The greatest limit of jb: < is 434; and in the 

equation 7^ — 9/ = !, wehavea = 7, 6=s9, ^ = 4,/ = 3; conse- 
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quently, the two senes beginning with the least terms r smd 

(d — 434c) y' 

are 

a 

4.17 4,40 4.03 4.9976 

"9"+"o- + ~9"'*" • • • • —9" 

3.17 , 3.40 . 3.63 , 3.9976 

7 ^ 7 ^ 7 7 

The number of terms in each series is 434 ; the sum of the first is 
963769i; and that of the second, 929349. 
The first period of fractions in the first series is 

5 7 9 46 

- + g -f g + Ac« to nine terms = — = 5 . . . . (A) 

and the first period of the second series is 

2 1 21 

- H h -f <fcc. to seven terms = —- ^ 3 . . . . (B) 

hence, the number of terms being 434, we must take 48 periods and 
two terms of (A) ; and 62 periods of (B) for the fractional parts; these 
are respectively 2411 and 186; 

.-. (9637692 — S^^i) ~~ (929349 — 186) = 34365. Ans. 



PROBLEM V. 

Page 256. 



Ex. 2. Here, by multiplying the first equation by 3, then subtracting 
the result from the second, and afterwards dividing by 2, we shall 
have 5y + 14* = 620; 



620^ 14s ,«^ « 4» 

whence y = ^ 124 — 2t — ; 

o o 
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hence z must be 5, or some multiple of 5 ; and upon trial the numbers 
which fulfil the conditions of the question aie 



s = 15 


30 


y = 82 


40 


jc = 15 


50. 



PROBLEM VI. 



Page 258. 
Ex.2. HereN=:17x +7=s203f-f- 13; 



.-. 26y-17x = -.6, and 3,=:1I|_?; 



26 



26x 
17^—6 



0^ 


+ 6 


2 




18x 


+ 12 


I7x 


— 6 


X 


+ 18 



Hence 26 — 18= 8 is the least value of x; and, consequently, the 
least whole number fulfilling the proposed conditions is 

N = l7a? + 7 = 143. 



Ex. 3. Here n = 28a; + 10 = 19y + 15 = 15? + 11 

.-. 19y — 28x =: 4, and y = 



28*+ 4 . 9x + 4 



p 2 
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914-4 
2 



18,7 + 8 
X — 8 



Therefore the least value of j: is 8; and, consequently, the least whole 
number fulfilling the conditions is 

28^ -f 19 = 243. 
Hence we have 

N =28 X 19/ +243 =532^4- 243= 15:5 + 11; 

632jc' + 232 «, , , ,^ . 7*' + 7 
... 2 ^ ! — 35j;' +15-4 ■ — ; 

7«'+T 
2 



14i' + 14 
15x' 

y— 14 



Consequently, the least value of a:' is 14; and therefore 

N=s 532^7' + 243 = 7691. 
Ex.4. HereN = 3u; + 2 = 5a? + 4=7y + 6 = 2j; 

3«' — 2 



»\ 5x — 3t<; = — 2 .*. x = 



T~' 
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3» — 


-2 


2 




6tt7 — 


-4 


6w 





10 — 4 

Hence the least value of to is 4 ; and therefore the least whole num- 
ber fulfilling the first two conditions is 

Hence we have 

N=:3 X 5af' + 14 = 15j/-f-14=7y-f 6; 
16a' + 8 ^ , y + 1 



p 



6 

6^ + 6 
7^ 

Consequently, the least value of j^ is 6 ; and hence, the least whole 
number fulfilling the first three conditions is 

15a/ +14 = 104; 

and this an even number^ it also fulfills the last condition ; therefore, 
the required number is 104. 

£jr. 5, In order that a number may be divisible by the nine digits, it 
is obviously sufficient that it be divisible by 5, 7, 8, and 9 ; and it is 
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evident that no number can be thus dirisible if it be smaller than the 
prodact of these hctots; hence, the least nomber is 

9 x7xSX9=2520. 



ON THE DIOPHANTINE ANALYSIS. 

As some veiy elegant solutions of several of the Diophantine ques- 
tions have already been given by Mr. Ward (in the American edition 
of Young's Algebra, which he so ably edited,) and many other mathe- 
maticians, I have occasionally preferred introducing a few of them here, 
to the unnecessary trouble of undertaking new solutions. 

PROBLEM I. 

To find such values of x as will render rational the expression 

s/aac* -f- 6x -f- c. 



Case 1. When azzO,or when the expression is t^ the farm n/hx + c. 

Page 260. 

Ex. 3. Let X be the number; then, as this number multiplied by 9, 
and the product dimiDished by 7, is to be a square, we will put 

0x — T=p«; 

m 

where p may be any number whatever. 
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Ex. 4. Let the number be jr; then put 

whence x ^ ^^ ' ; 

p being any number whatever. 

Case 2. When c=zO,or when the expression is of the form 

Page 261. 
Ex. 3. Let jr be the number, and assume 

7x + 8 ==|>*Jf, 

;»3c — 7x5=8 

8 
•**—p«-7' 

where p may be taken at pleasure. 

Ex.4. Let j: be the number ; and make 

3x»— 10a? = 8qpV; 

3a;— 10 = 3q^^; 

(3— 30/i«)x==10; 

10 
3— 3qp« 

j> being any value whatever. 
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Case 3. When cita square, or when the expression is of the form 

V ax' -f 6sc -j- c*« 

Page 261. 
Ex. 2. Let one number be x, and the other x -^ a; put then 

x« + (* + «)•=(?» + «)•; 

that ifl, 2x^ -f 2ax + o« =;?V + 2apx + a» ; 
p^a — 2j7=:2a (1 — />); 

• • all ^^» _ ^^^^■'^ • 

;»* — 2 

where p may be any number we please. 

Case 4. When a is a square, or when the expression is of the form 

s/a^x^ -|- 6x 4- c« 

Page 262. 

Ex. 2. Let X be one number, and jr -f- 14 the other; then, since by 
the question {x + 3) (j: + 18) is to be a square, let us put 

(x + 3) (x+ 18) = (x + /?)»; 
x« -h 21x -h 54 = J^ + 2px + p», 
(21 — 2p)t = p»— .54j 
»« — 54 

• 9> ^^ ' • 

21—2/? 

p being any value whatever. 

Ex. 3. Put j: for the first number, and x + 3 for the second ; then. 
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by the question, (2x -|- 3) (2x + 3) must be a square^ which it obvi- 
ously is for every value of x. Hence any two numbers whose difference 
is 3, will satisfy the question. 

Case 5. When neither a nor c i$ asqvare, but when 6* — 4ac it a square. 

Page 264. 

Ex. 2. Here a = 2, 6 ^ 10, and c as 12 ; and 6* — 4ac is a square, 
viz. 4 ; hence the expression may be decomposed into two factors, 
which are (2x + 6) and (x + 2). Putting, then, 

2xa-f lOx+12, or (2x -f 6) (x -f 2) = p« (« + 2)* 
we have 2x -|- 6 =;^ (x -|- 2) ; 

whence x = -= — ^ ; 
p* — 2 ' 

where p may be any assumed number. 

Ex. 3. Here 6' — Aac ^ 100 is a square, and the expression 
8x' + 6x — 2 may be decomposed into (8x — 2) and x -f 1 ; putting, 
therefore, 

(8x — 2)(x-f l)=;^(8x — 2)«, 
we obtain x + 1 = p* (8x — 2) ; 
_2^+_l 



• . X 



where J9 may be assumed at pleasure. 

Case 6. When the proposed expression can be divided into two parts, 
one of which is a square, and the other the product of two factors. 

Page 265. 
Ex. 2. Here the expression 12x' + 17x + 6 is found equivalent to 

(3x + 2)« + (x+l)(3x-|-2); 
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and equating this with 

{(3*+2)-:.;»(x + l)}«or(3x+2)«— 2^ (3*+2)(x + !)+;>•(«+ If, 

we obtain 

3* + 2 = -2/i(3*-f 2)+p»(x+l); 
.-. (6;» — p« + 3)« = p»— 4p — 2; 

whence ^ = ^^;2'^^3 > 
where p may be taken at pleasure. 

Additional Examples. 
Page 266. 



Ex. 2. The expression >/5j:* + 12x + 8 is readily found to be rationul 
when X = 1 ; putting, then, j» = 1 + y, we have, by substituting, 

5x« + 12iP + 8 =25 + 22y + 5y», 

which must be a square. Let it be represented by 

(5 + pt/)« = 25 + 10;y+p»y«; 
hence 25 + 22y + 5y» = 25 -f 1(^ -f ;»y ; 
or 22 + 5y = 10/> 4- p^; 
22 — lOp 



Consequently, y = 



/?« — 6 



where p may be assumed at pleasure. If we take /> = 2 , then y = — 2, 
and x=z — 1 , for which value the proposed expression is 1 . If p := 1 , 
then ^ = — 3, and .r := — 2, and the proposed expression becomes 
2, and so on. 

Ex. 3. Let j: be the required number, then we shall have to render 

the expression >/3x* — 3;r + 3 rational. We readily see that one suit- 



• 



ON TH£ DIOPHAKTINE ANALYSIS. 169 

able value is x =s 2; patting, therefore^ x ss 2 -|- y, we have, by 
substitution, 

® + ^ + 3y'=D • • • . (a square) 
assume it equal to 

then we have 

(?• — 3)y = 9 — 6/>; 
9 — 00 

p being as usual any number we please. 

If we take p = 0, then y = — 3, and Af=s — 1, 
f»=l, . . . y=: — J, . . d?= I, 
p = 2, . . • y = — 3, • • d? = <— 1, 
&c. d;c. &c. 

and all these values of x are found upon trial to render the expression 
rational. 

Or thus: (by Case vi.) 

Ex. 3. Let I be the required number, then we shall have 

3«« — 3a' + 3= D; 

which may be decomposed into 

(r-2)« + (2j?-l)(x + l), 

and equating this with 

[(a:-2) + ;»(«+ l)]« = (x-2)« + 2/?(x+ l)(x-2) +/^'(x -f 1)2 

Q 
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wi&ence *^^ — ^ ' , ■ 
Bv ts.k:ng^ p = 2, we obtain x =s ^. 

PKOBLKM II. 

To tind such values of x as will lender latioDal the ezpiessioa 

Vax»4-6t»*-f cr + rf. 

Ca%e 1 . fTA^n the last tvo terms are absemtyOrwkem the expression is 

fff the, JiiTTn 

Page 266. 
Ex. 2. Let X be the number; then we must have 

which square we will denote by^x*; hence 

..X- g 

By taking ;> = 2, we find x = 3, 

Case 2. ITA^n fAe hst term is a square, or when the expression is of 
the form 

>/fl«« + 6x* + ex + dK 

Page 268. 
Ex. a. Put x» — x» + 2* + 1 = (x + l)« = x« + 2* + 1 ; 
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hence x'ssSx*; 
.-. x = 2. 

Ex. 3. Put,here, — 5i» + 4*»— 6*+ !=:(— 3x-|- 1)«=9«»— 6* + 1 
and we shall ha?e '^6jc^=:9x* — ia^, or ^^Sassd] 

whence w = — -- = — 1. 



Additional Examples* 

Page 269. 

Ex. 2. Pat X =sy -}- )y then we shall have 

«»+3 = y»-l-3y« + 8y+4, 
which last assume equal to 

(-|y + 2)», or ^y» + 3y + 4} 

.•.y' + 8y*=jQy', ory+.3 = — J 

, 39 ^ 23 

hence y = — — > "^« * = — t^ • 

Ex. 3. Put, here, at = y -f 1 ; then 

3ar» + 1 = 3y» -f 0y« + 9y + 4 ; 
assume this last expression equal to 

("j-y + 2)'»o'l52'' + ®y + *5 

*u o ^ • A ^ SI J « ■ n 81 . 81 — 144 
then 3y»4-»y' = jjy', or 3y+9 = — , or 3y=r jj 

Whence y = — --, and .*. x =: — -- • 
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PROBLEM III. 

To find such values of j? as will render rational the expression 

Case i. When both the first and last terms are complete squareSy or 
when the' expression is of the form 

^d'a* -f- 6x» + c«* + rfr + <?*. 

Page 271. 

Ex. 2. Put, by the first method, 

^-«2«' + 2««4.2x+l = C«a — af+ I)* 
ssa?* — 2»3 + 3x«— 2j + 1 5 
and there results 

2x«4-2fl? = 8af» — 2x; . 
2«-}-2=:3x~2; 

by putting, according to the second method, the expression equal to 

we find — 2«»4-2«» = 2«' + 3x«; 
whence x = — i. 

Ex. 3. Here bszO; put, therefore, by the first method, 
4*^ + 3*+ 1 =:(2«»+ l)'=4** + 4«*+ 1 J 

3xs=5 4«*; 
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Or, according to the second method, put 

4*< + 8* + 1 =(2«« + |jr + 1)«=4»* -I- 6x» -h V jr» + 3* 4- 1 ; 

25 
whence 6j^ -^ -j-s^ssO; 

25 

It appears, therefore, that the two values of x, as given by this method 
are } and — D, and not {||, f|2, as in the book. We may further ob- 
serve that, since the first term in the proposed equation is a square, a 
solution will be immediately obtained, by equating the remaining terms 
to zero, thus : 

3r+lssO; ••. r= — |} 
which value makes the proposed expression a square. 

Case 2. When the first term only is a square, or when the expression 
is of the form 

Page 272. 

Ex. 2. Here m = 0, and it = ; therefore, put «* — ^Sx-f 2s=(^)> ^x* ; 

hence — Sjr-f 2 = 0; 

£x. 3. Here ?/i =3 — 1, and n =: |; therefore 

put X* — 2x» + 4;p» - 2j? -I- 2 = (*» — a* + J)» = 

^-.2«»-h4x« — 3jp-f.J, 
and we have — 2x + 2 = — 2x -{-\\ 
whence x = i. 



q2 
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Case 3. When the last term only is a squarCy or when the expression 
is of the form 

^/ax* 4- 6i;« + cx"^ + dx + e'. 

Page 273. 

Ex. 2. Here, m = — |, and n = — i- 
Putting, then. 



2x*-.3x+l=:(-^^-|x+l)« = ^** + ?«'-3x+l; 



we have 2a?^ = — «* + -g-x' ; 

or, 128^ = 811* + 216^; 

216 

whence x ^ — rz- • 
47 

Ex. 3. Here m = — 13, and n = 8, therefore 
put 22^ — 40«> — 40x» + 64x + 16 = (-- 13«» + 8« + 4 )> = 
169.T* — 208*3 _ 40x8 + 64i + 16 ; 
hence we have 22^ — 40x3 -- leox* — 208x»; 

147x = 168; 
168 8 



• • w 



147 7 



\v 



Additional Examples. 

Page 275. 

Ex. 2. Put J? =:y 4- 1, and we shall have 

a4_ 2x2 ^ 2 =2/* + 4y3 + 4y« + 1> 
\\ich must be a square ; then, by the last case, let us represent this 
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square by 

hence y* -f ^^ ^ ^y*» o' 3y = 4 ; 

consequently, * ^l» 

Ex. 3. Put here x^y -{-1, and .we shall have 

22** — 128«« -I- 212*» — 64* — 26 = 22y* — 40y» — 40y« + 64y + 16, 

which must be a square; therefore, by the last case, denote this 
square by 

(_ js^ 4- Sy -h 4)»= 169y* — 208y» — 40y« -|- 64^ + 16, 

and we shall have 22y* — 40y* =s 1 69y* — 208y* ; 

8 

whence « = ---• 

PROBLEM IV. 

To find such values of jt as will render rational the expression 

>/a»* -}- A«* + ex 4- d» 

Case I. When both first and last terms are cubes, or when the 
expression is of the form 

'n/c V + bx* -\- cx-^-dP* 

Page 276. 

Ex. 2. Put — 125«» 4- 89*9 -f 28x -|- 8 = (— 5iP + 2)» = 

—. 125a^ + 150x» — 60x + 8 ; 
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which gives 89x» -|- 28* = 1 50«* — 60* } 

88 
whence ap = ---' 
ol 

Ex. 3. Put8«' + 42i«— 8ir-}-2T=(2« + 3)3=8ff> + 36*« + ^«+ 2*^ '> 
and we shall have 42a?« — 8x=36«9-}- 54jf j 

.% a?=10j. 

Case 2. TTAcn tAe ^rs* term only is a cube^ or when the expression 

is of the form 

Vage 277. 

Ex.2. Put*» — 3x« + ar = (r— l)3=a:» — 3i«-}-3*— 1; 
and we shall obtain j? s= 3f — 1 ; 

This is the value resulting from the method given; but another 
solution may be easily obtained by equating all the tenns, after the 
first, to zero, thus : 

— 3x*-|-r = 0, ••.—3*4-1=0. 

whence « ^ } ; 

which is the answer given in the book. 

Ex. 3. Put a» + 3«« -I- 133 =(« -f l)^ = x» + 3*« + 3* + 1 j 
consequently, we have 3x -|- 1 ^ 133 ; 

.-. « = 44. 
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Case 3. When the last term only i$ a cubcy or when the expression 
is nf the form 

i/as^ + to» -f cr -f rf». 
Page 278. 

Ex.2. Pat3«» + 2« + l = (?i'4- 1)» = ^ «» + jx* + 2'+ 1 J 

8 4 

whence we hare 34?* ^ t^ a?* + - 1»: 

or 81«« = 8^ + 36x»j 

36 
•••'=73- 

Ex.8. Pat3-r»— 6a?«-|-6x4-l =(ar-h l)»=8i» + 12x» + 6i + 1; 
hence 3a» — 6««= 8«» + 12 x«. 

Consequently, j? s= —» 



Additional Examples. 

Page 279. 
Ex. 2. Put J" ss y — 1 ; and the expression then becomes 



y*-y-f-i; 



which put equal to 



(-5y + i)' = -^y» + 5y»-y+i; 



and we have 



^ 27 ^ 9 ^ ' 



Bud T^ — 10. 
Xx S. Pni. hot, a-=tr -f- 1 ; end Ae eqneasian becomes 

sue tn^EK lemhs 

Hfioee- ibfi?c are up ader t^dcs besides 1; it being understood 
^aL IE diophasTine qu^aais, ^ Tilne sero fcr the number sought is 
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Questkn 13. Let x be one number, and x + 1 die other; then we 
dall only hare to make 

«»— 1 

where s may be any value whatever; but to get the least values of ' 
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and jr + 1 ^Q whole numbers, we must evidently make « = 3, which 
gives for the numbers sought, 4 and 5. 

Quest. 14. Let the two numbers be x* and y*; then by the question 

«* + y= D; 
y»-h»= a. 

Assume 

and we shall obtain 

j?»-|-y = p* — 2px4- d?«j 

whence x = ^-r — =- • 
2p 

Then, by substitution in the second equation, we have 

thati8,3/«-ly^.|=^. 

In order that this may be a square, it b necessary that the third term 
be equal to the square of half the coef&cient of the second term, that is, 

- = —r-; whence 
2 16p» 

p» = J, or p = J ; 

• • * - -2^ - ^ - y. 

Consequently, any value less than J taken for y will answer the con- 
ditions of the problem. If y be assumed equal to J, x will be ^. If 
y = }, X = ^, and these latter being squared, give j^ and ,^7, which are 
the numbers required. 

Quest. 15. Let x and y be the numbers sought; then, by the ques- 
tion, we have to solve the equations 
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«' 4- «y* or a? (« -|- y) = w*, 
y* + ^> or y (a -I- y ) = n«. 

Assume x = p«, and y = j«, we shall then have 

?»(/?« + ,2) = ««, 

which conditions will be fulfilled, if we find p^ >^ ^a — a square ; now, 
for this purpose, let us put 

p7=sr^ — »* and q = 2r*; 
hence, x = p^ ss (r« — »«)* ; 
and y = 9^ = 4r*** ; 

where r and $ may be assumed at pleasure. 

Ifr = 2, and s = 1, then a: = 9, andy = 16. These, however, 
are square numbers, which is not a necessary condition. 

It is obvious, that any multiple whatever of the same numbers will 
equally answer the conditions of the question. 

We shall have, therefore, a more general solution by taking 
X z= t (r2 — $9)2, and y = AtrH^i where r, «, and t, may be any 
numbers whatever. 

Quest. 1 6. Let x and y be the fractions sought ; then, by the conditions 
of the question, 

■!«=^4-y=y' + *> 

and i' -j- y» = Q ; 
by transposing the first equation, and completing the square, 

** — ^ + i=y' — y + J; 

by solving which, we obtain 

*=cy, or a- =s I — y; 

substituting the latter of these values of x in the second equation, it 
becomes 
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1— 2y + 2y' = Q. 

Put ry — 1 for the side of this square, and we shall have 

ry — 2ry 4- 1 =s 2y« — 2y -f 1 ; 

whence we obtain 

2r — 2 

y = 7^Il2' 

r« — 2r 
and J = l— y= ^_g } 

when r = 3, jr = f , and y = $> the fractions reqnlred. 

Quest. 17. Let x and y be the two numbers sought; then 

*• + y'-h «y = D- 

Assume »» + jy -|- y? = (x -f r)» = «> + 2r* + r», 
and we shall have 

2r — y 

where r and y may be taken at pleasure, provided that y be greater 
than r, but less than 2r. 

If y =: 3, and r = 2, then x := 5 ; 

y =: 5, and r = 3, then x := Jd ; * 

y =s 7, and r = 6> tben x ^ ^/. 

Quest. 18. If X, y, and ar denote the numbers, then 

i«H-yts=0» y' + ayzssD, «'-f ay = D. 
Assume xzsimz, y ^nz, then the expressions become 

now, the first and second expressions are evidently squares, if 
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by substitution^ 

1 -|- mn :=l-f-J« — n*:=D =:(! — en)' j 

whence n=s ^ sz , andm = --~-n= . . . , - ■ , 

c* -f- 1 4(c» -f 1 ) 4 4(c' -f- 1 ) 

c(c — S) 8c-hl 

•••^ = '^ = 4(^4^^'y = '*^=4(;Mrr)'' 

hence, if <? be taken = 4(c^+ 1), then 

« = c (c — 8), y =s 8c 4" 1 5 
^here c may be any number greateirthan 8; taking c = 9, we obtain 

z = 328, y =: 73, 4? s= 9. 

Quest. 1 9. Let ox and bx denote the numbers; then (a-|- 6)jr = a = n', 
whence x = 



«» 



a + 6' 
and substituting this value of x in the third formula, we have 

a» + ^ , 

a + 



Put 



or (a* — aft 4- 6») n* = Q, 
or a* — aft 4- 6* = D . 

a« — aft+6» = B«i* 



by subtraction, 



aft = a' — B* ; 
now, take a •{- B^2a, a — 6 = ^6, 
whence we obtain a =: a + { ft. 
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and a« + fe» = A*=:a« + Ja* -f ***, 
or 166 = 8a + 6, or 156 = 8a ; 
hence a=zl6, 6 =s 8 ; 

.-. * = -j^ = g = 23, (when n = 23) ; 

Consequently, ax = 345, 6x = 184, the numbers required. 

Quest. 20. Let x,y, and z denote the numbers sought; then by the 
question 

4fy« + 1 = D == «*> ty + 1 = D = !»», 

»•— 1 
»« -f- 1 = □ = n', *y + 1 = O =s »^> or jry ^ : 

hence, r* — 1 = », or ;; = -r — — ; 

z f*^ -— J 

and, by substitution, 

v*x — X . , . r*«' — n* + 1 — r* 
^5--p + 1 = „•. or . = ^j-^ ; 

and again, by substitutiosy 

-|-i^ + l = m>, ory= -—-^ ; 

whence, as v, r, m, and n may be taken at pleasure, by making m = 2, 
r = 5, r = 5, and n = 3, we have ;? = 1, jt = 3, and y = 8, which 
three values of jr, ^, and s, will answer the conditions of the question. 

Quest. 21. Put X, y, Zf for the three numbers sought; then, by the 
question, 

a^'H-y = D =(p — *)*; 
y» + s =a = (y— y)S' 
«» +x=» n = (r — o*. 

From these three equations, we obtain 

_r »— 2yV + 4p»yr _ y» ~~ 2/?r» + 4/?yV _ 9* — 2y»y -f 4pyr» 
' 1-^Spqr '^"" J+8pyr ' '■" lH-8;?yr ' 
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Jf + f + t = 

(1 + Hj-r/ 

which most be a square. It is erident the fiist term of the numerator 
will be a square when p = 1» and that we may not hare any powers of 
r greater than the second, we shall make the coefficient of r* in the first 
&ctor equal to nothing ; this will gire us 9 = ^. By substituting these 
Talues of p and q, and reducing, the formula to be made a square 
becomes 

l + 4r+4r», 

which is already the square of 1 + 2r, so that the value of r may be 
taken at pleasure. If we take r = }, we shall find 

_39 _ 1 _^ I 
* — 80' ^—40* '—20' 

which are numbers that will answer the conditions of the problem ; and 
by changing the value of r, we may find other values of x, ^^ and 7. 

Or thus: 

By the question, J^ + y^^ + 2> ^ + '» ' + y+ *$ mustall be squares. 
To make the first expression a square, assume y = 1 — 2x; then, 
the second and fourth expressions become 






1— 'tr+4*«4-s=a=A' 

1 — jc 4- * 

.•. A* — b' = 4** — 3*. 

Take a -(-b^2x, a — B = 2.r — J, from which we obtain 

B = }: 
hence, 1 — x -{-s=ib*:=^, 
or i=ti-f- x; 
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by Sttbstitutioiiy 

or 16i« -f 16« + 7 =r (4« — ?)« ; 

9 ' 

whence t ^ -J^:zISL ^ Jlizlf. . 

16^ 16g p + 29'^ ' 8(W + 29») 

39 1 1 
If pszS, y =: 1, then the numbers are rr, — > ~ • 

oV 4v *v 

wr o « 37 5 1 

Ii /) =s o> ^ ^ 3, • . • 



Ifp=ll,y=4, . 



' 84' 42' 338" 

275 < 29 9 
• 608* SOi» 608' 



Quest 22. Let ^j* — y, Jjr*, and i** + y, be the three numbers iu 
arithmetical progression ; 

Then we have to find jr*, Jf* +y> and x^ — y rational squares ; or 

ai' -\- y and «' — y ^ squares. 

Assume y = 2rx + r'; then we shall have 

a?* -f- y = J?* -f 2riP + r' =s (a: -j- ^)*> 

and, therefore, it only remains to make x^ — y, or 

«* — 2ra? — r* = □ ; 

put X* — 2rd? — f^:=z(x — my = »* — 2»m? + m\ then 

2m •— 2r 
where m and r may be taken at pleasure. 

If »i = 5, and r = 4; then «•==—, and — jf« = — — . Also 

A A O 

r2 
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y=z2rx 4- r»= 41 X 4 + 16= 180 ; whence the three numbers will be 

30|, 210|, and 390^ ; 

and if these numbeis be multiplied by any square number, the same 
conditions will obviously obtain; hence, multiplying by 4, we shall have 

120^, 840^, and 15601, 

which answer the conditions of the question. 

fly* 
Quest. 23. Let ax^, ay^, and — ^, represent the three numbers, in 

geometrical progression : then, by the question, 

y* — a?* 



*» 



-)a=a, 



Hence, making y^ — j* = am\ and y* — x* = an^, all the conditions 
will be satisfied. Whence 

3,« + a.«= _; 

Assume, therefore, a: = p* — 9*, and y := 2pq ; where p and q may 
be taken at pleasure, Ifp = 2, and 9 = 1, then jr = 3, and ^ = 4 ; 
and the numbers are 

256a 
9a, 16a, and , 

or 81a, 144a, and 256a, 

a being = -^^^ — - — ; when m« may be any square factor whatever of 

y» — jra. In the present instance, let w = 1, then a = 7, and the re- 
quired numbers are 

567, 1008, and 1T92. 
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Quest. 24. Let j*, y*, and z* denote the three squares. Then, 
From these three equations we obtain jc*, tf*, and z*, riz. : 

or, by putting 6 = m + n, c =s m — n, the expressions become 

2a* + Smns=\j, 2a* — SmitssQ, 4m« + 4»« — 2a* = D • 

Assume 2a* ^m^ + 16n*, then the first and second expressions are 
squares, and, by substitution, the third becomes 

3m« — 12»» = n , also 2m* -f- 32»« = 4a*= D J 
or if m = np, 3p« — 12 = Q* 2p« + 32 =: Q. 

Put the first of these expressions, viz. : 

3p«-12 = 3(p + 2)(p-2)=/*(;)-2)»; 
then 3p+6 = p/«-2/«, ...p = 2x-^^: 

hence, by substitution, in the second expression, we have 

(/a + 3)» 
«x;7J^ + 32 = D, 

or 10/*-36/»+90 = n ; 

which is the case when /= 1 . Put, then, ^= 1 + y, and it becomes 
64 —329 + 24y» 4- 40g3 + 109* = Q =(8 — 29+ }9a)» = 
64-32y+249*-.5y«+f|y*j 
whence 640 4-160;=: — 80 + 26g, 
or 135; =s — 720, .-. ;=— y, 
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13 /* + 3 196 

196 

And since m =s np, .•. m ^ w, where if n = 71, to ^ 196 ; con- 

71 

sequently, 6 ^ to + t* = 267, c = to — n = 125, and a ^ 244. 

Substituting these values of a, 6, and c, in the expressions for jt*, j^, 
and z^f we obtain 

a:«=s240|^ ^»=44l2, and £» = jn>, 

which appear to be the least numbers that the problem admits of. 
Quest. 26. By the question, x* — y*, ** — z\ and y^ — jif* are to be 

squares ; or -j — ~, — \,-^ — 1, dividing by «•. Assume, now, 

X p» + 1 ^ 9* 4- 1 

— = -= 7, — = -1 7, which fulfils the second and third con- 

z p' — 1 z q^ — 1 

ditions, and, by substitution, the first becomes 



and, since the denominator is a square, it only remains to make 

(p3<,8— 1)(^3 — pa;=p, 

or (/>V— 1)(~1)=D; 
this is done by making 

'^ ~ 2ah * /B "" 2c^/ ' 
by which each factor becomes a square ; and since 
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therefore the product of these fractions must be a square ; or 

oi (o« -I- 6«) cd (c» + rf») = D . 
Put a=/-\-g, b=^/—g, c = A -h*. rf=A - *; 
then 2 (/♦— ^) X 2 (A* — k*), or (/* — ^) (A* — **; = a, 
orif/=/'^, A = V^, (/'<-l)(A'*-l)=a. 

rejecting the squares in each expression. 

Put (/'♦ — 1) (A'* - 1) = (/'* — 1)» (A**— !)«; 
whence we have 2A'» =/'♦*'•—/'♦, 



which is the case if 



^^^ r* + 2s» 



2rs 
and r* + 24^ is a square if 

r = ^» — 2, * = 2<: 

hence /'« = j^j^^, .'. ^Ki» — 2) or t{i» - 2) = D . 

which is evidently the case when * = 2;* therefore, 

/' = ?. *' = ?, and/ = ^^, A = ?A; 

.../=3, 5^ = 2, A = 0, A = 7, a=/-|-5r = 5, 6=/— ^=1; 
c = A + A: = 16. rf = A — Ar = 2; 



* Other yalaes of t may be found by the usual rules, viz. # =:^ J, 338, <fec. 
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13 y 65 ' l9« 13 , 4 

whencepy = y,— =— , .•.9»= — , ory = — , andp = j; 

by which means we have 



x_^ 41 y_185 _ 41 _ --- . 

— — — y, ~ — j^, or 0? ^z, y — .-rrs; 



185 
153^' 



in order to obtain whole numbers, let z = 153, then x ^ — 697, and 
;y = 185; consequently the three squares are 

^53l^ 7851*, and 697)*. 

more general and satisfactory manner (though we cannot find such small 

a 
numbers), by putting — = »i, or 5- = mp^ and it becomes 

(w»V— l)(m« — l)=n, 

which is the case when /) = 1 ; let its root = e; then 

<? = »*»— 1, 

and put m* (m* — 1) = a; whence rr?e ^ a, and, by substitution, 
(/wy — 1) (wi* — 1) = op* — c*, which is to be a square. Assume 
{Art. 17J)/?=y + 1, then we shall have 

a {y -\-\y — e*f or ay^ + 4ay' + 6ay* -|- 403/ + ^» 

which must be a square. Compared with formula {Art, 170) we have 

6=:4flr, c=s6a, d=i4ay e=?fn*— 1; 



also 



and 



Aa 47w«(m» — 1) ^ . 

«' = 5- = -57-4 TT = 2m», 

2e 2(»i* — 1) 
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hence 

__ 2m*2m* (»»»— 3) -4m«g _ 4m«g (m»— 3) — ie* _ 4'-4m* 
^■" , wi*(i»«— 3)« "" c»-m'»(w*— 3)a "" 3j«* -dw«— 1 ' 

and 

4 — 4 m* 6m« + m* — 3 



p=l+y=l+ 



3ji** — dw« — 1 ■" di«« — Sin* + 1 ' 

where m may be any number. 

37 74 

Let m =r 2, then p = — — , 9=— — : 

949 . V 6005 



hence — =s -r-;r-, and -^ = 



420 ' s 4947 

Quest. 26. Let s^, 4j*, and 16x* be the numbers assumed, in order 
to obtain the answer given ; then 

a« -I- dp, 4d?* 4- 2r, 4x« + x, 

must be squares. 
If we assume 

1 



«^ -f- X = ( pi)« =p«x*, then * = 



p3— 1' 

substituting this value of jt in the second and third expressions, we have 

2pa + 2 = D, p«-|-3=:D; 
which formula occur in the solution to Quest. 12; the value ofp being 

-— , we have 
7 



49 



p«--l 480 

and hence the three squares are 



/ 49 V r ®8 V _. /196 V 



I 
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Quest. 27. Let x«, y*, and z* be the numbers ; then, since they are 
be in harmonical proportion, we must have (Art. 77.) 

a-a : «« :: a* — y« : i/« — s» j 
and («a + i*) y« =s 2^s» ; 



e 



and as the numerator of this fraction is a square, it remains to mak 

2 (i« + 2»)=:a. 
One case immediately presents itself, viz. : x = 7, jsr = 1, to w:i 

7 
corresponds y = — -, so that the following values fulfil the condiu 





of the question, viz. : 



49 



and since any multiples of proportional quantities are also in proportic 
we shall have, by multiplying each by 25, the following integral nj:::- 
bers, viz. 

^ 1225, 49, and 25. 

which are the numbers required. 

Quest. 28. By the question, x-^- y=sa^ -\-y^,or\{x -j- y^s, and xy =/ . 
we have, by Quest. 5, (p. 129 of Alg.,) 

«:=«* — 3sp, r.pzss — > 

and * or y = i * ± W (*» - 4/»)=r i * ± i s/ (*» — ~^) 

hence 12 — 3«* = a. 
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Pot 12 - Sj«s:3 (3 + #) (8 — s e> (8 — #)», 

c* — 8 
wiience #ss8 x ; 

and f, ) nmnben leqnirod ; or if es 9« then 

and the numbers are f and l(. 

Or, diyiding each side by x + y, we have 

1 =«» — 'y+y'> o' «' — ay = 1 — y«j 
take*-.y = r(l+y), « = #(!— y), 
from which we have 

* — r 9t* — m* 



3/ = 



r + *-|-l m^ + w' + W 



dr 



2rj-f J 2mn -f n* 



r + * + l m» -I- «« -h m«' 

where m and n may be taken at pleasure. 

Quest. 29. To mabe o* -|- 6* + c* — 3 a square, assume a = n b, 

and it becomes 

»» — 3««4 + 3«6» -f c» — 3 5 
and since n may be any number, let n = 3, and it is 

96> — 276 + 24+c», 

which is easily made a square. To obtain the answer given, c must 
be taken = 2. 

Quest SO. Let x^ be the sum of the two numbers, and x* their dif- 
ference ; then the numbers will be expressed by 

s 
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the sum of the iqnares •f wkkh is 

— i — ' 

which, by the questioo, li te be a cahltj or 4j* -^ 4 a cube; which 
put = <^, then will 

c»— 4 . «» — 4 
— - — =s= j«, or — - — a aquare. 
4 4 

Let c = 5 ; then jr* = , and x = — : whence 

4 2 

a^-^-x* X* — x^ 17303 11979 

— - — and — - — will be found = —r-rz— «nd —^rrrr o*" 
2 2 8.16 2.16 

.^606 ^ 23958 

and I 



2.2.16 2.2.16 

which, when squared, the dettominatois will evidently be cubes. Hence 
the numerators 

34666 and 239^8 

may be taken for the required nuiabeiSy which t?ill be found to answer 
every requisite of the question. 

Or thus: 

Let T + ^ stnd x be the numbers ; then by the second and third 
conditions, 

y ^ cube, and 2x' -f- ^xt^ -f- .V^ ^ <^<ihe ; 
putJTs^s; then 

2yH^ -f 2i/«» 4- y^ := cube j 

or, since ^ is a cube, we may reject ^>, and then 

2t9 + 2»-f l=cube=a(l 4.|0'*s' +2s -|-|t» + ^x«j 
.•. 64 = 36 4- St, and s = { j 
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bence dp = {y, 
and since y •=. cube, let y = (2i')* = 81*'' ; then x = ISr* ; 

and, by the fir^t condition, 

2x + y = 44r» = D, 
or dividing by 4H, 

llr= D; 
wbenee r = 11 ; 
consequently, j? = 18r* = 18 X 1331 = 23958, 

and « ^y =: 26r* = 26 X 13ai s S4600. 

Quest. 31 . In order to give a general solution to this question, let r/, 6, 
c, and X be the four numbers; then a, 6, and c may be any numbers 
assumed, so that 

a*c -f- 1 = O > 
by the other conditions of the question 

ahx •\'\ Gt mx + 1 = D» 

acx -|- 1 or «d? + 1 = D, 

bcx + 1 or ^j? -|- 1 = D, 

putting m, n, and p, for ah, ac, and be, respectively. 

To make 1 + '''^ ^ square, assume its root =1 — rx, and we have 

substituting this value of x in the other two expressions, 

r« 4- 2r« + m» = D = A* J 

I ; 

r* -f- 2rp -f wp = D = b* ' 
by subtraction, 

A» - B* r: 2r (n — ;>) -f »« (« — P) = (2»* + >») (« — ;?). 
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Now, take 

A — B = n — p ' 

and we get a = r + i (»» -|- « — p) 5 
hence r» + 2m -f- mw = a» = r« + r (wi + « — p) + f (»i + n — p)*' 
from which we obtain 

mn — i(m -\-n — ;?)* aHc — ^ (ab -\- ac — bey 
m — n — p ab — ac — be 

To obtain the answer given, take a = i|, 6 ^ 2, c = 3, and we shall 
have, by substituting these values in the value of r, 

25 2 25 






16 13 104 * 

2r + m 2r-|-aA 154 loi]' 16016 

hence a? = = ■ — = X = • : 

r« r^ ^^26? ^5 

and therefore the four numbers are 

loo J 16016 
-,2,3, and -g^ ; 

and an infinity of other sets of numbers might be found by giving other 
values to a, 6, and c, so that abc + 1 = D. 



FINIS. 
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